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1 7RSRORJLH GنXQ HVSDFH YHFWRULHO QRUP«

1.1 2XYHUWV

6RLW " XQH SDUWLH GH !� 2Q GLW TXH FڥHVW XQ RXYHUW GH ! VL SRXU WRXW # GDQV " LO H[LVWH $ > 0 WHO TXH OD ERXOH
RXYHUWH %(#, $) VRLW LQFOXV GDQV" �

·#
$

"

Définition 12.1 �Ouverts�

Remarques :
1. /D YDOHXU GH $ SHXW G«SHQGUH GH #�

2. &HOD VLJQLਭH TXH VL" HVW XQ RXYHUW� WRXW SRLQW m ¢ FRW« } GۑXQ SRLQW GH" HVW HQFRUH GDQV" �

Terminologie : 2Q SHXW GLUH TXH & HVW XQ RXYHUW RX TXH & HVW RXYHUW �VRXV�HQWHQGX XQ HQVHPEOH RXYHUW� YRLUH RXYHUWH
�XQH SDUWLH RXYHUWH��
Exemples :

1. 'DQV R� XQ LQWHUYDOOH RXYHUW HVW RXYHUW� 3DU H[HPSOH " =]0, 1[� (Q HਬHW VRLW # ∈ " � RQ SRVH $ =
Min( |# − 1|, |# |)

2
HW %(#, $) =]# − $,# + $ [⊂]0, 1[= " �

2. 'DQV R� OۑHQVHPEOH [0, 1] QۑHVW SDV XQ RXYHUW� (Q HਬHW� SRXU # = 0 HW SRXU $ > 0� OD ERXOH %(#, $) QۑHVW SDV LQFOXV
GDQV ]0, 1[�

3. /HV SDUWLHV ∅ HW ! VRQW GHV RXYHUWV� &H VRQW OHV RXYHUWV WULYDX[�

4. 6RLW ! = K! [& ] HW VL SRXU ' =
!∑
"=0

#"&
" � | |' | |∞ = Max

"
|#" | DORUV ( = {' ∈ ! | ' (1) > 0} HVW XQ RXYHUW� (Q HਬHW� VRLW

' ∈ ( � 2Q D GRQF
' (1) =

!∑
"=0

#" > 0.

0DLQWHQDQW VRLW ) ∈ %(', $) R» $ <
' (1)

2(* + 1) � RQ SHXW «FULUH ) =
!∑
"=0

+"&
" R» |#" − +" | ! $ � 'H FH IDLW�

|) (1) − ' (1) | !
!∑
"=0

|#" − +" | ! (* + 1)$ ! ' (1)
2

.

'RQF ) (1) " ' (1) − |) (1) − ' (1) | " ' (1)
2

> 0.

Exercice : 0RQWUHU TXH GDQV ! = K[& ] SRXU OD QRUPH LQਭQLH� ( = {' ∈ ! | ' (1) > 0} QۑHVW SDV XQ RXYHUW�

8QH ERXOH RXYHUWH %(#, , ) GH ! HVW XQ RXYHUW GH !�

Proposition 12.2

Démonstration : 6RLW - ∈ %(#, , )� 2Q D GRQF . (-,#) < , � 6RLW / WHO TXH . (-,#) + / < , � 2Q D TXH %(-, /) ⊂ %(#, , )�
(Q HਬHW SRXU 0 ∈ %(-, /)�

| |0 − # | | ! | | (0 − -) + (- − #) | | ! . (-,0) + . (-,#) ! . (-,#) + / ! , .

���



-

#

$

,

#

1RWRQV T OۑHQVHPEOH GHV RXYHUWV GH !�

�� /HV HQVHPEOHV ∅ HW ! DSSDUWLHQQHQW ¢ T

�� HQVHPEOHۑ/ T HVW VWDEOH SDU LQWHUVHFWLRQ ࣼQLH� HVW�¢�GLUHۑ& TXۑXQH LQWHUVHFWLRQ ਭQLH GۑRXYHUWV HVW
HQFRUH XQ RXYHUW�

�� HQVHPEOHۑ/ T HVW VWDEOH SDU XQLRQ TXHOFRQTXH� HVW�¢�GLUHۑ& TXۑXQH XQLRQ GۑRXYHUWV HVW HQFRUH XQ
RXYHUW�

Proposition 12.3

Remarques :
1. 8Q PR\HQ PQ«PRWHFKQLTXH SRXU UHWHQLU TXH FۑHVW XQH LQWHUVHFWLRQ ਭQLH HVW �,)2��

2. HQVHPEOHۑ/ GHV RXYHUWV QۑHVW SDV VWDEOH SDU LQWHUVHFWLRQ TXHOFRQTXH� 3DU H[HPSOH VL RQ SRVH 1! =]0, 1 + 1
! [ TXL HVW

XQ RXYHUW GH R� $ORUV 1 =
⋂
!∈N∗

1! =]0, 1] TXL QۑHVW SOXV RXYHUW�

3. (Hors programme) HQVHPEOHۑ/ T GHV RXYHUWV GH ! HVW FH TXH OۑRQ DSSHOOH OD WRSRORJLH GH !�

Démonstration :
�� '«M¢ GLW�

�� 6RLW"1, . . . ,"! GHV RXYHUWV HW - ∈
!⋂
#=1
"# � 2Q VDLW TXH FRPPH WRXV OHV"# VRQW GHV RXYHUWV� SRXU FKDTXH 2 ∈ [[ 1 ; * ]]

LO H[LVWH ,# WHO TXH %(-, ,# ) ⊂ "# � ,O QH UHVWH SOXV TXۑ¢ SRVHU , = Min
1!#!!

,# SRXU FRQVWDWHU TXH %(-, , ) ⊂
!⋂
#=1
"# HW GRQF

!⋂
#=1
"# HVW RXYHUW�

�� 6RLW ("# )#∈$ XQH IDPLOOH GۑRXYHUWV� 2Q FRQVLGªUH" =
!⋃
#=1
"# � 6RLW - ∈ " � ,O H[LVWH 2 ∈ 1 WHO TXH - ∈ "# � &RPPH� SRXU

FH 2 �"# HVW RXYHUW� LO H[LVWH , > 0 WHO TXH %(-, , ) ⊂ "# ⊂ " � 2Q D ELHQ TXH" HVW RXYHUW�

#

1.2 9RLVLQDJHV

6RLW # ∈ !� 8Q YRLVLQDJH GH # GDQV ! HVW XQH SDUWLH & GH ! WHOOH TXڥLO H[LVWH $ > 0 WHO TXH %(#, $) ⊂ & �

Définition 12.4

Remarques :
1. 2Q SHXW DXVVL GLUH TXH & FRQWLHQW XQ RXYHUW FRQWHQDQW #�

2. 'DQV OH FDV R» ! = R RQ «WHQG OD QRWLRQ GH YRLVLQDJH SRXU G«ਭQLU OHV YRLVLQDJHV GH +∞ HW GH −∞� 8Q YRLVLQDJH
GH +∞ FRQWLHQW XQ LQWHUYDOOH GH OD IRUPH [3, +∞[ TXDQG XQ YRLVLQDJH GH −∞ FRQWLHQW XQ LQWHUYDOOH GH OD IRUPH
] −∞,4]�

���



1H SDV FRQIRQGUH OHV QRWLRQV GH YRLVLQDJHV HW GۑRXYHUW� ोDQG RQ SDUOH GۑXQ YRLVLQDJH RQ SDUOH WRXMRXUV
GۑXQ YRLVLQDJH GنXQ SRLQW� 'H IDLW� XQ RXYHUW HVW XQH SDUWLH GH ! TXL HVW XQ YRLVLQDJH GH WRXV VHV SRLQWV�

ATTENTION

Exemples :
1. 'DQV R� [0, 1] HVW XQ YRLVLQDJH GH 1

2 �

2. 'DQV ! = R! [& ] DYHF | |
!∑
#=0
##& # | | = Max{|## | | 2 ∈ [[ 0 ; * ]]} OۑHQVHPEOH ( = {' ∈ ! | ' (1) > 0} HVW XQ YRLVLQDJH GH

) = & + 1� 2Q D ) (1) = 2� FH GH IDLW HQ SRVDQW $ =
1

* + 1
� SRXU WRXW ' ∈ %(), $)� ' ∈ ( � ,O VXਯW Gۑ«FULUH ' = ) +5

R» 5 ∈ %(0, $) GRQF |5 (1) | ! (* + 1) | |5 | | ! 1� 2Q FRQFOXW HQ XWLOLVDQW OۑLQ«JDOLW« WULDQJXODLUH �

' (1) " ) (1) − |5 (1) | " 2 − 1 = 1 > 0

Exercice : 5HSUHQGUH OۑH[HPSOH SU«F«GHQW GDQV R[& ]�

6RLW # ∈ !�
�� 6RLW61, . . . ,6! XQH IDPLOOH ࣼQLH GH YRLVLQDJHV GH # GDQV !� OۑLQWHUVHFWLRQ

⋂!
#=16# HVW HQFRUH XQ YRLVLQDJH

GH #�

�� 6RLW (6# )#∈$ XQH IDPLOOH GH YRLVLQDJHV GH # GDQV !� XQLRQۑ/
⋃
#∈$ 6# HVW HQFRUH XQ YRLVLQDJH GH #�

Proposition 12.5

Démonstration : ,O VXਯW GH UHSUHQGUH OD G«PRQVWUDWLRQ GH OD SURSRVLWLRQ DQDORJXH GDQV OH FDV GHV RXYHUWV�

6RLW ' XQH SURSUL«W«� 2Q GLW TXڥHOOH HVW YUDLH DX YRLVLQDJH GڥXQ SRLQW # GH !� VڥLO H[LVWH XQ YRLVLQDJH GH # R» HOOH
HVW Y«ULट«H�

Définition 12.6 �Propriété locale�

Remarque : ,O HVW «TXLYDOHQW GH GLUH TXۑLO H[LVWH XQH ERXOH RXYHUWH FRQWHQDQW # �RX P¬PH FHQWU«H HQ #� R» OD SURSUL«W«
HVW YUDLH�
Exemple : /D IRQFWLRQ (-,0) ↦→ -2 cos(0) HVW ERUQ«H DX YRLVLQDJH GH # = (2, 1)�

1.3 )HUP«V

8QH SDUWLH & GH ! HVW XQ IHUP« VL VRQ FRPSO«PHQWDLUH HVW RXYHUW�

Définition 12.7

Terminologie : 2Q SHXW GLUH TXH & HVW XQ IHUP« RX TXH & HVW IHUP« �VRXV�HQWHQGX XQ HQVHPEOH IHUP«� YRLUH IHUP«H
�XQH SDUWLH IHUP«H��
Exemples :

1. 'DQV ! = R� XQ LQWHUYDOOH IHUP« & = [#,+] HVW IHUP«� (Q HਬHW VRQ FRPSO«PHQWDLUH $%& =] − ∞,#[∪]+, +∞[ HVW
RXYHUW�

2. /HV SDUWLHV ∅ HW ! VRQW IHUP«HV�

/D QRWLRQ GۑRXYHUWV HW GH IHUP«V QH VRQW SDV FRQWUDLUH OۑXQH GH OۑDXWUH� 8QH SDUWLH SHXW�¬WUH RXYHUWH HW IHUP«H
�SDU H[HPSOH ! HQ HQWLHU� FRPPH HOOH SHXW ¬WUH QL RXYHUWH QL IHUP« �SDU H[HPSOH ]0, 1]��

ATTENTION

���



�� 6RLW & XQH SDUWLH GH !� & HVW XQ RXYHUW VL HW VHXOHPHQW VL $%& HVW XQ IHUP«�

�� 6RLW (&1, . . . ,&!) XQH IDPLOOH ਭQLH GH IHUP«V� XQLRQۑ/
⋃!
#=1&# HVW XQ IHUP«�

�� 6RLW (&# )#∈$ XQH IDPLOOH GH IHUP«V� LQWHUVHFWLRQۑ/
⋂
#∈$ &# HVW XQ IHUP«�

Proposition 12.8 �Propriétés des fermés�

Démonstration :
�� 6RLW & ⊂ !�

$%& IHUP« ⇐⇒ $%
(
$%&

)
RXYHUW ⇐⇒ & RXYHUW

�� 3DU G«ਭQLWLRQ� SRXU WRXW 2 ∈ [[ 1 ; * ]] ,$%&# VRQW GHV RXYHUWV� 2Q D DORUV

$%

( ⋃
1!#!!

&#

)
=

⋂
1!#!!

$%&#

'RQF $%

( ⋃
1!#!!

&#

)
HVW XQ RXYHUW� GۑR»

⋃
1!#!!

&# HVW XQ IHUP«�

�� &HOD VH G«PRQWUH HQ SDVVDQW DX FRPSO«PHQWDLUH FRPPH FL�GHVVXV�

#

/HV ERXOHV IHUP«HV HW OHV VSKªUHV VRQW IHUP«HV�

Proposition 12.9

Démonstration :
ی &RPPHQ©RQV SDU OH FDV GHV ERXOHV IHUP«HV� 6RLW % OD ERXOH �IHUP«H� GH FHQWUH # HW GH UD\RQ , " 0� VRQ FRPSO«�

PHQWDLUH $%% = {- ∈ ! | . (-,#) > , } HVW XQ RXYHUW� (Q HਬHW VRLW - ∈ $%%� . (-,#) > , � 6L RQ SRVH $ WHO TXH
. (-,#) − $ > , �RQ SHXW SUHQGUH SDU H[HPSOH $ = & (',()−)

2 � DORUV %(-, $) ⊂ $%%� (Q HਬHW� SRXU WRXW 0 ∈ %(-, $)�

| |0 − # | | = | | (0 − -) + (- − #) | | " | |- − # | | − | |0 − - | | " . (-,#) − $ > , .

2Q D ELHQ PRQWU« TXH $%% «WDLW XQ RXYHUW HW GRQF % HVW XQ IHUP«�

ی 7UDLWRQV OH FDV GH OD VSKªUH IHUP«H 7 = 7 (#, , ) = {- ∈ ! | . (-,#) = , }� ,O VXਯW GH UHPDUTXHU TXH 7 = %(#, , ) ∩
$%%(#, , )� HVWۑ& GRQF OۑLQWHUVHFWLRQ GH GHX[ IHUP«V� �

#

Remarque : (Q SDUWLFXOLHU OHV VLQJOHWRQV TXL VRQW OHV VSKªUHV GH UD\RQ 0 VRQW GHV IHUP«V�
Exemples :

1. 7RXWH SDUWLH ਭQLH GH ! HVW XQ IHUP« FDU FۑHVW XQH U«XQLRQ ਭQLH GH VLQJOHWRQ TXL VRQW GHV IHUP«V�

2. 3RXU WRXW * ∈ N∗� 1! = [ 1! , 1] HVW XQ IHUP« PDLV
⋃
!∈N∗

1! =]0, 1] QۑHVW SDV IHUP«�

1.4 3RLQWV LQW«ULHXUV HW LQW«ULHXU

6RLW & XQH SDUWLH GH !�

�� 8Q SRLQW # GH & HVW GLW LQW«ULHXU ¢ & VڥLO H[LVWH $ > 0 WHO TXH %(#, $) ⊂ & �

�� HQVHPEOHڥ/ GHV SRLQWV LQW«ULHXUV GH & VڥDSSHOOH OڥLQW«ULHXU GH & � ,O VH QRWH &̊ �

Définition 12.10 �Points intérieurs�

�� 2Q SHXW DXVVL OH IDLUH ¢ OD PDLQ� 2Q PRQWUH TXH $!* HVW XQ RXYHUW� 6RLW ' ∈ $!* � 2Q D GRQF & ((,') ≠ ) �
ی 6L RQ HVW GDQV OH FDV R» & ((,') > ) OۑDUJXPHQW FL�GHVVXV HVW HQFRUH YDODEOH�
ی 6L RQ HVW GDQV OH FDV R» & ((,') < ) RQ D XQ DUJXPHQW DQDORJXH�

2Q D GRQF TXH $!* HVW XQ RXYHUW HW GRQF * HVW XQ IHUP«�

���



Remarques :
1. 8Q SRLQW # GH & HVW GRQF XQ SRLQW LQW«ULHXU ¢ & VL & HVW XQ YRLVLQDJH GH #�

2. 3DU G«ਭQLWLRQ &̊ ⊂ & � 2Q D «JDOLW« VL HW VHXOHPHQW VL WRXV OHV SRLQWV # GH & VRQW LQW«ULHXUV ¢ & FH TXL VLJQLਭH TXH
& HVW RXYHUW�

Exemples :
1. 6RLW & =]0, 1]� /HV SRLQWV # DSSDUWHQDQW ¢ ]0, 1[ VRQW GHV SRLQWV LQW«ULHXUV ¢ & � 3DU FRQWUH # = 1 QۑHVW SDV XQ SRLQW

LQW«ULHXU� 2Q D GRQF &̊ =]0, 1[�
2. 6RLW % OD ERXOH IHUP«H GH FHQWUH # HW GH UD\RQ , � 6HV SRLQWV LQW«ULHXUV VRQW FHX[ TXL VRQW GDQV OD ERXOH RXYHUWH GH

FHQWUH # HW GH UD\RQ , � HVW�¢�GLUHۑ& ˚
%(#, , ) = %(#, , )� (Q HਬHW�

ی VL - ∈ %(#, , )� FRPPH %(#, , ) HVW XQ RXYHUW� LO H[LVWH $ WHO TXH
%(-, $) ⊂ %(#, , ) ⊂ %.

ی VL - ∉ %(#, , ) RQ D GRQF . (#, -) = , � 0DLQWHQDQW SRXU WRXW $ > 0� RQ SRVH

0 = - + $ - − #
2| |- − # | |

2Q D GRQF

| |0 − - | | = $

2
GRQF 0 ∈ %(-, $) PDLV

0 − # = 0 − - + - − # =
(
1 + $

2| |- − # | |

)
| |- − # | | > | |- − # | | = , .

'RQF 0 ∉ %� 2Q HQ G«GXLW TXH - QۑHVW SDV LQW«ULHXU�

-

#

$

×0

,

6RLW & XQH SDUWLH GH !�

�� 6RQ LQW«ULHXU &̊ HVW RXYHUW HW FۑHVW OH SOXV JUDQG RXYHUW FRQWHQX GDQV & �

�� 2Q D GRQF � & RXYHUW⇔ &̊ = & �

Proposition 12.11

Démonstration : ,O HVW FODLU TXH &̊ HVW LQFOXV GDQV & � ,O UHVWH ¢ PRQWUHU TXH &̊ HVW XQ RXYHUW HW TXH WRXW RXYHUW LQFOXV
GDQV & HVW LQFOXV GDQV &̊ �

ی 6RLW " ⊂ & XQ RXYHUW LQFOXV GDQV & � DORUV " ⊂ &̊ � (Q HਬHW VRLW - ∈ " � FRPPH " HVW RXYHUW LO H[LVWH XQH ERXOH
%(-, $) FHQWU«H HQ - TXL HVW LQFOXV GDQV" HW GRQF GDQV & � 'H FH IDLW� - HVW XQ SRLQW LQW«ULHXU ¢& � 2Q D ELHQ" ⊂ &̊ �

ی 0RQWURQV TXH &̊ HVW XQ RXYHUW� 6RLW - ∈ &̊ � HVWۑ& GRQF XQ SRLQW LQW«ULHXU ¢ & � 3DU G«ਭQLWLRQ� LO H[LVWH $ > 0 WHO
TXH %(-, $) ∈ & � 0DLQWHQDQW� SRXU WRXW 0 ∈ %(-, $/2)� LO H[LVWH XQH ERXOH RXYHUWH %(0, /) �R» / = +

2 � LQFOXV GDQV
%(-, $) �FDU FHिH GHUQLªUH HVW RXYHUWH�� 'RQF %(0, /) ⊂ %(-, $) ⊂ & � 2Q HQ G«GXLW TXH 0 HVW XQ SRLQW LQW«ULHXU ¢ &
FۑHVW�¢�GLUH TXH &̊ HVW XQ RXYHUW�

2Q D ELHQ PRQWU« TXH &̊ HVW OH SOXV JUDQG RXYHUW FRQWHQDQW & � #

Exercices :
1. 'HWHUPLQHU Q̊�
2. '«WHUPLQHU OۑLQW«ULHXU GۑXQ VRXV�HVSDFH YHFWRULHO VWULFW�

���



1.5 3RLQWV DGK«UHQWV HW DGK«UHQFH

6RLW & XQH SDUWLH GH !�

�� 8Q SRLQW # GH ! HVW XQ SRLQW DGK«UHQW ¢ & VL SRXU WRXW $ > 0 OD ERXOH RXYHUWH FHQWU«H HQ # GH UD\RQ $
UHQFRQWUH & �& ∩ %(#, $) ≠ ∅��

�� HQVHPEOHڥ/ GHV SRLQWV DGK«UHQWV ¢ & VڥDSSHOOH OڥDGK«UHQFH GH & � ,O VH QRWH &

Définition 12.12

Remarque : 7RXW SRLQW # GH & HVW DGK«UHQW ¢ & FDU # ∈ & ∩ %(#, $)� 2Q HQ G«GXLW TXH & ⊂ & �
Exemples :

1. 6L& =]0, 1]� WRXV OHV «O«PHQWV GH& VRQW DGK«UHQWV ¢& � 'H SOXV 0 HVW DGK«UHQW ¢& � HQVHPEOHۑ/ GHV SRLQWV DGK«UHQWV
HVW GRQF [0, 1]�

2. 6RLW & = %(#, , )�
ی 7RXV OHV SRLQWV GH %(#, , ) VRQW DGK«UHQWV ¢ & �
ی 6RLW - WHO TXH . (#, -) > , � /H SRLQW - QۑHVW SDV DGK«UHQW ¢& � (Q HਬHW� RQ FRQVLGªUH $ > 0 WHO TXH . (#, -) > $ +, �

3RXU 0 ∈ %(-, $)�
. (#,0) " . (#, -) − . (-,0) > . (#, -) − , > $

&HOD PRQWUH TXH %(-, $) ∩ %(#, , ) = ∅ HW GRQF TXH - ∉ & �

ی /HV SRLQWV GH OD VSKªUH 7 (#, , ) VRQW DGK«UHQWV ¢ & � 6RLW - WHO TXH | |- − # | | = , HW $ > 0� LO H[LVWH XQ «O«PHQW 0
DSSDUWHQDQW ¢ %(#, , ) ∩ %(-, $)� ोDQG $ < , � �OH FDV $ " , HVW «YLGHQW� LO VXਯW GH SUHQGUH

0 = - + $ # − -
2| |# − - | | .

,O HVW FODLU TXH 0 ∈ %(-, $) SDU FRQVWUXFWLRQ� GH SOXV | |0 − # | | =
(
1 − $

2| |- − # | |

)
| |- − # | | < , �

2Q D PRQWU« TXH %(#, , ) = %(#, , )�

6RLW & XQH SDUWLH GH !�

$%&̊ = $%& HW
⌢̊

$%& = $%& .

Proposition 12.13

Démonstration :
6RLW # ∈ !�

# ∈ $%&̊ ⇐⇒ # ∉ &̊

⇐⇒ ∀$ > 0,%(#, $) ⊄ &
⇐⇒ ∀$ > 0, ∃- ∈ %(#, $) ∩ $%&
⇐⇒ ∀$ > 0,%(#, $) ∩ $%& ≠ ∅
⇐⇒ # ∈ $%&

3RXU OD GHX[LªPH SDUWLH� LO VXਯW GۑDSSOLTXHU OۑDVVHUWLRQ G«PRQWU«H ¢ $%& HW GH SUHQGUH OH FRPSO«PHQWDLUH�
#

6RLW & XQH SDUWLH GH !� 6RQ DGK«UHQFH & HVW OH SOXV SHWLW IHUP« FRQWHQDQW GDQV& � (Q SDUWLFXOLHU� & HVW IHUP«
VL HW VHXOHPHQW VL & = & �

Proposition 12.14
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Démonstration : DSUªVۑ' FH TXL SU«FªGH� $%& =
⌢̊

$%& TXL HVW GRQF XQ RXYHUW GۑR» & HVW XQ IHUP«�
0DLQWHQDQW� RQ D YX TXH & ⊂ & �
3RXU ਭQLU VRLW ( XQ IHUP« FRQWHQDQW & � (Q SUHQDQW OH FRPSO«PHQWDLUH RQ HQ G«GXLW TXH $%( HVW XQ RXYHUW FRQWHQX

GDQV $%& �FDU OH FRPSO«PHQWDLUH HVW G«FURLVVDQW�� 'H FH IDLW�

$%( ⊂
⌢̊

$%&

'RQF� HQ UHSUHQDQW OH FRPSO«PHQWDLUH�

& = $%
(
$%&

)
= $%

(
⌢̊

$%&

)
⊂ $%

(
$%(

)
= ( .

#

Remarque : 2Q SHXW UHIDLUH XQH SUHXYH m ¢ OD PDLQ } GDQV OۑLG«H GH FHOOH GH OD SURSRVLWLRQ DQDORJXH SRXU OۑLQW«ULHXU�
Exercices :

1. 'HWHUPLQHU Q�

2. (Classique) 0RQWUHU TXH OۑDGK«UHQFH HW OۑLQW«ULHXU VRQW FURLVVDQW

3. ोH GLUH GH &̊ HW GH &̊ "

1.6 &DUDFW«ULVDWLRQ V«TXHQWLHOOH GHV SRLQWV DGK«UHQWV HW GHV IHUP«V

/D G«ਭQLWLRQ GHV IHUP«V FRPPH FRPSO«PHQWDLUH GHV RXYHUWV QۑHVW SDV OD SOXV DLV«H SRXU PRQWUHU TXۑXQ HQVHPEOH
HVW IHUP«� 1RXV DOORQV PHिUH HQ «YLGHQFH� XQH P«WKRGH SRXU PRQWUHU TXۑXQ SRLQW HVW XQ SRLQW GۑDGK«UHQW �RX TXۑXQ
HQVHPEOH HVW IHUP«� ¢ OۑDLGH GH VXLWHV�

6RLW & XQH SDUWLH GH !�

�� 6RLW # ∈ !� LO HVW DGK«UHQW ¢ & �FۑHVW�¢�GLUH # ∈ & � VL HW VHXOHPHQW VۑLO H[LVWH XQH VXLWH (-!) Gن«O«PHQWV
GH & TXL FRQYHUJH YHUV #�

�� HQVHPEOHۑ/ & HVW IHUP« VL HW VHXOHPHQW VL WRXWH VXLWH (-!) Gۑ«O«PHQWV GH & TXL FRQYHUJH �GDQV !� D VD
OLPLWH GDQV & �

Théorème 12.15 �Caractérisation séquentielle des points adhérents et des fermés�

Remarques :
1. /D SUHPLªUH DVVHUWLRQ LOOXVWUH ELHQ TXۑXQ SRLQW DGK«UHQW ¢ & HVW ELHQ XQ SRLQW TXL DSSDUWLHQW ¢ & RX TXL HVW MXVWH

m ¢ FRW« } GH & �

2. /D GHX[LªPH DVVHUWLRQ LOOXVWUH OD QRWLRQ GH IHUP«� &HOD VLJQLਭH TXH OۑRQ QH SHXW SDV m VRUWLU } GH & �

Démonstration :
�� ی ⇒ 2Q VXSSRVH TXH # HVW DGK«UHQW ¢ & � 'H FH IDLW SRXU WRXW HQWLHU *� %(#, 1

!+1 ) ∩ & ≠ ∅� ,O H[LVWH GRQF
XQ «O«PHQW -! ∈ %(#, 1

!+1 ) ∩ & � /D VXLWH (-!) HVW ELHQ XQH VXLWH Gۑ«O«PHQWV GH & � 'H SOXV� SDU FRQVWUXFWLRQ�
| |-! − # | | ! 1

!+1 GRQF (-!) −→ #�
1RWRQV TXH OۑRQ SHXW IDLUH OD P¬PH SUHXYH DYHF OHV ERXOHV %(#, $!) R» ($!) HVW XQH VXLWH TXL WHQG YHUV 0�

ی ⇐ 2Q VXSSRVH TXۑLO H[LVWH XQH VXLWH (-!) ∈ &N WHOOH TXH (-!) −→ #� 0RQWURQV TXH # HVW DORUV XQ SRLQW
DGK«UHQW GH& � 6RLW $ > 0� %(#, $) UHQFRQWUH& � (Q HਬHW LO H[LVWH XQ WHUPH GH OD VXLWH (-!) WHO TXH | |-!−# | | < $ �

�� ی ⇒ 2Q YHXW PRQWUHU TXH VL & HVW IHUP« DORUV WRXWH VXLWH ¢ YDOHXUV GDQV & FRQYHUJHQWH �GDQV !� D VD OLPLWH
GDQV & � 6RLW (-!) ∈ &N HW # = lim(-!)� DSUªVۑ' Oۑ«QRQF« SU«F«GHQW # HVW DGK«UHQW ¢ & HW GRQF # ∈ & FDU &
HVW IHUP« �& = & ��

ی ⇐ 6RLW # ∈ & � DSUªVۑ' FH TXL SU«FªGH� LO H[LVWH XQH VXLWH (-!) Gۑ«O«PHQWV GH & WHOV TXH (-!) −→ #� 3DU
K\SRWKªVH� RQ REWLHQW GRQF TXH # ∈ & � )LQDOHPHQW� & = & FH TXL PRQWUH TXH & HVW IHUP«�

#

Remarque : HVWۑ& VRXYHQW FHिH FDUDFW«ULVDWLRQ TXH OۑRQ XWLOLVH SRXU PRQWUHU TXۑXQ HQVHPEOH HVW IHUP«�

6RLW ! XQ HVSDFH YHFWRULHO HW ( XQ VRXV�HVSDFH YHFWRULHO� LOۑ6 HVW GH GLPHQVLRQ ਭQLH DORUV LO HVW IHUP«�

Proposition 12.16

���



Démonstration : &RQVLG«URQV XQH EDVH (81, . . . , 8, ) GH ( � 6RLW (-!) XQH VXLWH Gۑ«O«PHQWV GH ( TXL FRQYHUJH YHUV XQ
«O«PHQW - GDQV !� 6XSSRVRQV SDU OۑDEVXUGH TXH - ∉ ! HW FRQVLG«URQV ( ′ = ( ⊕ Vect(-) � RQ QRWH DORUV 8,+1 = - FDU
(81, . . . , 8, , -) HVW XQH EDVH GH ( ′� /D VXLWH (-!) HVW XQH VXLWH FRQYHUJHQWH GH ( ′ TXL HVW GH GLPHQVLRQ ਭQLH� 3RXU WRXW
2 ∈ [[ 1 ; 9 + 1 ]]� 8∗# : ( ↦→ K HVW XQH DSSOLFDWLRQ OLQ«DLUH GۑXQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH GRQF HOOH HVW FRQWLQXH�
2Q HQ G«GXLW TXH SRXU WRXW 2 ∈ [[ 1 ; 9 + 1 ]]� (8'# (-!)) → 8∗# (-) FH TXL HVW DEVXUGH FDU SRXU WRXW HQWLHU *� 8∗,+1 (-!) = 0 HW
8∗,+1 (-) = 1� #

Remarque : &HOD QۑHVW SOXV YUDL VL ( QۑHVW SDV GH GLPHQVLRQ ਭQLH�
3DU H[HPSOH� VL RQ FRQVLGªUH! = C 0 ( [0, 1],R)� 2Q FRQVLGªUH OD QRUPH | |.| |1 VXU !� 2Q FRQVLGªUH ( = {: ∈ ! , : (0) = 0}�

3RXU WRXW HQWLHU QDWXUHO* QRQ QXO RQ SRVH :! : - ↦→ -1/! TXL DSSDUWLHQW ¢ ( � /D VXLWH (:!) FRQYHUJH GDQV ! YHUV OD IRQFWLRQ
FRQVWDQWH «JDOH ¢ 1 QRW«H ; FDU SRXU WRXW HQWLHU *�

| |:! − ;| |1 =
∫ 1

0
|1 − <1/! |.< =

∫ 1

0
1 − <1/!.< = 1 −

[
<
"+1
"

!+1
!

]1
0

= 1 − *

* + 1
=

1
* + 1

&HOD PRQWUH TXH | |:! − ; | |1 −→
!→+∞

0� 3DU FRQWUH ; ∉ ( �

6RLW ( XQ VRXV�HVSDFH YHFWRULHO VWULFW �FۑHVW�¢�GLUH ( ≠ !�� 6RQ LQW«ULHXU HVW YLGH�
6RLW = XQ YHFWHXU TXL QۑHVW SDV GDQV ( � 6RLW - ∈ ( � SRXU WRXW $ > 0� > = - + +

2
-

| |- | | QۑDSSDUWLHQW SDV ¢ ( SDU

FRQVWUXFWLRQ HW> ∈ %(-, $)� 2Q HQ G«GXLW TXH - ∉ (̊ HW GRQF (̊ = ∅�

ATTENTION

Exercice : �&/$66,48(� 2Q QRWH 7! (R) OۑHQVHPEOH GHV PDWULFHV VWRFKDVWLTXHV� FۑHVW�¢�GLUH OHV PDWULFHV 3 = (4# . ) ∈
M! (R) WHOOHV TXH

�� ∀(2, ?) ∈ [[ 1 ; * ]]2 ,4# . " 0

�� ∀? ∈ [[ 1 ; * ]] ,∑!
#=14# . = 1�

0RQWUHU TXH 7! (R) HVW XQ IHUP« GH (M! (R), | |.| |∞)
ی (Q PRQWUDQW TXH VRQ FRPSO«PHQWDLUH HVW RXYHUW�

ی (Q XWLOLVDQW OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH�

1.7 )URQWLªUH

3RXU WRXWH SDUWLH & GH !� RQ D YX TXH &̊ ⊂ & ⊂ & � /D IURQWLªUH GۑXQH SDUWLH HVW OD GLਬ«UHQFH HQWUH VRQ DGK«UHQFH HW
VRQ LQW«ULHXU� 'DQV OH FDV GHV ERXOHV �RXYHUWHV RX IHUP«V� FH VRQW OHV VSKªUHV�

6RLW & ⊂ !� RQ DSSHOOH IURQWLªUH GH & HW RQ QRWH @& = & \ &̊ .

Définition 12.17

Remarque : &RPPH @& = & ∩ $%&̊ FۑHVW XQ IHUP« FRPPH LQWHUVHFWLRQ GH GHX[ IHUP«V�
Exemples :

1. 6L & HVW XQH ERXOH �RXYHUWH RX IHUP«H� GH FHQWUH # HW GH UD\RQ , DORUV & HVW OD ERXOH IHUP«H HW &̊ HVW OD ERXOH
RXYHUWH GRQF @& HVW OD VSKªUH 7 (#, , )�

2. 6L & HVW RXYHUW HW IHUP« DORUV @& = ∅�
Exercice : &DOFXOHU @]0, 1] HW @Q�

1.8 'HQVLW«

/D QRWLRQ GH SDUWLHV GHQVHV YXHV HQ SUHPLªUH DQQ«H GDQV OH FDV R» ! = R Vۑ«WHQG DX FDGUH J«Q«UDO GHV HVSDFHV
YHFWRULHOV QRUP«V�

6RLW & XQH SDUWLH GH !� (OOH HVW GLW GHQVH �GDQV !� VL & = !� HVW�¢�GLUHڥ& TXH WRXW SRLQW GH ! HVW DGK«UHQW ¢ & �

Définition 12.18 �Densité�
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6RLW & XQH SDUWLH GH !� /HV DVVHUWLRQV VXLYDQWHV VRQW «TXLYDOHQWHV

L� & HVW GHQVH

LL� 7RXWH ERXOH RXYHUWH %(#, $) R» $ > 0 UHQFRQWUH & �

LLL� 3RXU WRXW SRLQW # GH ! LO H[LVWH XQH VXLWH (-!) Gۑ«O«PHQWV GH & FRQYHUJHDQW YHUV #�

Proposition 12.19

Démonstration : ,O VXਯW GۑXWLOLVHU OHV SURSRVLWLRQV YXHV VXU OHV SRLQWV DGK«UHQWV� #

Exemples :
1. 'DQV OH FRXUV GH SUHPLªUH DQQ«H RQ D YX TXHQ OۑHQVHPEOH GHV QRPEUHV UDWLRQQHOV HW $RQ OۑHQVHPEOH GHV QRPEUHV

LUUDWLRQQHOV VRQW GDQV GDQV R� ,O VXਯW GۑDSSURFKHU WRXW QRPEUH SDU XQ G«FLPDO RX SDU A + , R» , HVW XQ G«FLPDO�
Exercice : 0RQWUHU TXHBC! (C) HVW GHQVH GDQV M! (C)�

6RLW : XQH IRQFWLRQ FRQWLQXH VXU XQ VHJPHQW 1 ¢ YDOHXUV GDQV K� 3RXU WRXW / > 0 LO H[LVWH XQH IRQFWLRQ
SRO\QRPLDOH ' WHOOH TXH | |: − ' | |∞ ! / . (Q SDUWLFXOLHU� : HVW OLPLWH XQLIRUPH GH IRQFWLRQV SRO\QRPLDOH FH TXL
VLJQLਭH TXۑLO H[LVWH XQH VXLWH ('!) GH IRQFWLRQV SRO\QRPLDOHV WHOOH TXH '!

/0−→: �

Théorème 12.20 �Théorème de Stone-Weierstrass�

Démonstration : 9RLU GHYRLU #

Exemple : 6RLW : XQH IRQFWLRQ U«HOOH FRQWLQXH VXU [#,+]� 2Q VXSSRVH TXH SRXU HQWLHU *�∫ 1

(
: (<)<!.< = 0.

2Q YHXW PRQWUHU TXH : QۑHVW SDV QXO�
2Q UHPDUTXH GۑDERUG TXH SDU OLQ«DULW«� SRXU WRXW SRO\Q¶PH ' �∫ 1

(
: (<)' (<).< = 0.

0DLQWHQDQW SRXU / > 0� LO H[LVWH GۑDSUªV OH WK«RUªPH GH 6WRQH�:HLHUVWUDVV XQ SRO\Q¶PH ' WHO TXH | |: − ' | |∞ ! /� 2Q D
DORUV 00000

∫ 1

(
: 2 (<).<

00000 =

00000
∫ 1

(
: (<)' (<).< +

∫ 1

(
: (<)(: (<) − ' (<)).<

00000
!

00000
∫ 1

(
: (<)' (<).<

00000 +
00000
∫ 1

(
: (<) (: (<) − ' (<)).<

00000
! 0 + /

∫ 1

(
|: (<) |.<

0DLQWHQDQW OD YDOHXU
∫ 1

(
|: (<) |.< HVW ਭ[« GRQF HQ IDLVDQW WHQGUH / YHUV 0 RQ REWLHQW TXH

∫ 1

(
: 2 (<).< = 0 HW GRQF

: = 0�

1.9 ,QYDULDQFH SDU ࠫDQJHPHQW GH QRUPHV «TXLYDOHQWHV

2Q D G«M¢ YX TXH VL RQ UHPSODFH OD QRUPH | |.| | SDU XQH QRUPH D TXL OXL HVW «TXLYDOHQWH� RQ QH PRGLਭH SDV OH FDUDFWªUH
FRQYHUJHQW GHV VXLWHV� 1RXV DOORQV YRLU TXH FHOD QHPRGLਭH SDV WRXWHV OHV SURSUL«W«V WRSRORJLTXHV G«ਭQLHV SU«F«GHPPHQW�

6RLW | |.| | HW D GHX[ QRUPHV «TXLYDOHQWHV VXU ! HW & XQH SDUWLH GH !�

�� /D SDUWLH & HVW RXYHUWH SRXU | |.| | VL HW VHXOHPHQW VL HOOH HVW RXYHUWH SRXU D �
�� /D SDUWLH & HVW IHUP«H SRXU | |.| | VL HW VHXOHPHQW VL HOOH HVW IHUP«H SRXU D �
�� DGKHUHQFHۑ/ �UHVS� OۑLQW«ULHXU� GH & SRXU | |.| | HVW OۑDGK«UHQFH �UHVS� OۑLQW«ULHXU� SRXU D �
�� /D SDUWLH & HVW GHQVH SRXU | |.| | VL HW VHXOHPHQW VL HOOH HVW GHQVH SRXU D �

Théorème 12.21

���



Remarque : &HOD VLJQLਭH DXVVL TXH VL # ∈ ! HW & ⊂ ! OH IDLW TXH # VRLW DGK«UHQW ¢ & RX TXH & VRLW XQ YRLVLQDJH GH # QH
G«SHQG SDV GH OD QRUPH�
Démonstration :

�� 6RLW & XQH SDUWLH RXYHUWH SRXU D � 0RQWURQV TXۑHOOH HVW RXYHUWH SRXU | |.| |� 6RLW # ∈ & � FRPPH & HVW RXYHUWH SRXU
D � LO H[LVWH $ > 0 WHOOH TXH %2 (#, $) ⊂ & � 2Q VDLW TXۑLO H[LVWH E > 0 WHO TXH D ! E | |.| | GRQF % | |. | | (#, +/ ) ⊂ %2 (#, $)
GRQF LO H[LVWH $ ′ = +

/ WHO TXH % | |. | | (#, $ ′) ⊂ %2 (#, $) ⊂ & . 2Q HQ G«GXLW TXH & HVW RXYHUW SRXU | |.| |�
LPSOLFDWLRQۑ/ LQYHUVH HVW LGHQWLTXH SDU V\P«WULH HQ XWLOLVDQW TXۑLO H[LVWHE ′ > 0 WHO TXH | |.| | ! E ′D

�� &HOD G«FRXOH GH �� HQ SDVVDQW DX FRPSO«PHQWDLUH�

�� 3RXU OۑDGK«UHQFH �UHVS� OۑLQW«ULHXU� LO VXਯW GۑXWLOLVHU TXH FۑHVW OH SOXV SHWLW IHUP« FRQWHQDQW & �UHVS� OH SOXV JUDQG
RXYHUW FRQWHQX GDQV & ��

�� &HOD G«FRXOH GH OۑLQYDULDQFH GH OۑDGK«UHQFH�

#

&H U«VXOWDW QۑHVW SOXV YUDL SRXU GHV QRUPHV TXL QH VRQW SDV «TXLYDOHQWHV� 6L RQ FRQVLGªUH ! = C 0 ( [0, 1],R)
HW & = {: ∈ ! | : (0) = 0}�

ی 2Q SHXW YRLU TXH & HVW XQ IHUP« SRXU | |.| |∞� (Q HਬHW VRLW (:!) XQH VXLWH GH IRQFWLRQV TXL WHQG YHUV :
SRXU | |.| |∞ DORUV� HQ SDUWLFXOLHU� (:! (0)) WHQG YHUV (: (0)) HW GRQF : ∈ & �

ی 3RXU | |.| |1� & QۑHVW SOXV IHUP«� ,O HVW P¬PH GHQVH GDQV !� RQ SHXW m DSSURFKHU } WRXWH IRQFWLRQ : GH !
SDU XQH IRQFWLRQ ; GH & WHOOH TXH | |: − ;| |1 ! /�

ATTENTION

1.10 7RSRORJLH LQGXLWH

6RLW F XQH SDUWLH GH ! OHV QRWLRQV GۑRXYHUWV �HW GH IHUP«V� GH ! SHUPHिHQW GH G«ਭQLU GHV RXYHUWV �HW GHV IHUP«V� GH
F�
Exemple : 6L RQ FRQVLGªUH ! = R2 HW F OD ERXOH IHUP«H XQLW«� 2Q YHXW GLUH TXH VL 5 = {(-,0) ∈ R2 | - > 0} DORUV 5 ∩F
HVW XQ RXYHUW� (Q HਬHW� VL RQ RXEOLH FH TXL VH SDVVH m HQ GHKRUV } GH F� VL G ∈ 5 ∩F DORUV WRXV OHV SRLQWV m SURFKHV } GH
G VRQW GDQV 5 ∩F�

6RLW & XQH SDUWLH GH F� 2Q GLW TXH & HVW XQ RXYHUW UHODWLI GH F VL SRXU WRXW - GH & � LO H[LVWH $ > 0 WHO TXH
%(-, $) ∩F ⊂ & �

Définition 12.22

,O HVW LPSRUWDQW GH YRLU TXH OۑRQ QH GHPDQGH SDV TXH OۑLQW«JUDOLW« GH OD ERXOH VRLW VDQV& PDLV MXVWH %(-, $)∩F
TXH OۑRQ DSSHOOH VD WUDFH VXU F�

ATTENTION

Exemples :
1. 6L RQ FRQVLGªUHF =]0, 1] DORUV OۑHQVHPEOH& =]0, 1] HVW XQ RXYHUW UHODWLI ¢F� HQ HਬHW SRXU WRXW - ∈ F� %(-, 1)∩F ⊂

F�

2. 'H PDQLªUH J«Q«UDOH� F HVW WRXMRXUV XQ RXYHUW UHODWLI GH OXL P¬PH�

�� 6RLW & XQH SDUWLH GH F� 2Q GLW TXH FڥHVW XQ IHUP« UHODWLI GH F VL $3& HVW XQ RXYHUW UHODWLI GH F�

�� 6RLW & XQH SDUWLH GH F HW - ∈ & � 2Q GLW TXH & HVW XQ YRLVLQDJH UHODWLI GH - GDQV F VڥLO H[LVWH $ > 0 WHO TXH
%(-, $) ∩F ⊂ & �

Définition 12.23

Exemples :
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1. 3RXU F = R∗� OۑLQWHUYDOOH & =]0, 1] HVW XQ IHUP« UHODWLI FDU VRQ FRPSO«PHQWDLUH �GDQV F� ] − ∞, 0[∪]1, +∞[ HVW XQ
RXYHUW UHODWLI �FDU FۑHVW XQ RXYHUW GH R��

2. 'DQV F = N� WRXV OHV VLQJOHWRQV VRQW GHV IHUP«V UHODWLIV �FDU FH VRQW GHV IHUP«V�� &H VRQW DXVVL GHV RXYHUWV UHODWLIV
SRXU F FDU SRXU * ∈ N� %(*, 12 ) ∩ F ⊂ {*}� 'H IDLW� WRXWHV OHV SDUWLHV GH F VRQW GHV RXYHUWV UHODWLIV �HW GRQF GHV
IHUP«V UHODWLIV�� 2Q GLW DORUV TXH F HVW XQH SDUWLH GLVFUªWH�

6RLW & XQH SDUWLH GH F� HVWۑ& XQ IHUP« UHODWLI GH F VL HW VHXOHPHQW SRXU WRXWH VXLWH (-!) Gۑ«O«PHQWV GH & TXL
FRQYHUJH GDQV F D VD OLPLWH GDQV & �

Proposition 12.24 �Caractérisation séquentielle des fermés relatifs�

Démonstration : ,O VXਯW GH UHSUHQGUH OH SULQFLSH GH OD G«PRQVWUDWLRQ GH OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH�

ی ⇒ 2Q VXSSRVH TXH& HVW XQ IHUP« UHODWLI ¢F GRQF" = $3& HVW XQ RXYHUW UHODWLI ¢F� 0DLQWHQDQW VL (-!) HVW XQH
VXLWH Gۑ«O«PHQWV GH & TXL FRQYHUJH GDQV F� 2Q QRWH ℓ VD OLPLWH� 6XSSRVRQV SDU OۑDEVXUGH TXۑHOOH QۑHVW SDV GDQV & �
HOOH HVW GRQF GDQV" TXL HVW RXYHUW� 2Q SHXW GRQF WURXYHU $ > 0 WHO TXH %(ℓ, $) ∩F ⊂ " FH TXL HVW DEVXUGH FDU FHOD
LPSOLTXH TXH | |-! − ℓ | | " $ .

ی ⇐ 3DU FRQWUDSRV«H� PRQWURQV TXH VL & QۑHVW SDV XQ IHUP« UHODWLI �GRQF VL " = $3& QۑHVW SDV XQ RXYHUW UHODWLI
¢ F� DORUV RQ SHXW WURXYHU XQH VXLWH (-!) Gۑ«O«PHQWV GH & FRQYHUJHDQW GDQV F PDLV SDV GDQV & �FۑHVW�¢�GLUH GRQW
OD OLPLWH DSSDUWLHQW ¢ " �� ,O VXਯW GۑXWLOLVHU TXH� FRPPH " QۑHVW SDV RXYHUW� LO H[LVWH ℓ ∈ " WHO TXH SRXU WRXW *�
%(ℓ, 1

!+1 ) ∩F FRQWLHQW XQ «O«PHQW TXL QۑHVW SDV GDQV" GRQF TXL DSSDUWLHQW ¢ & �

#

Exemple : 2Q SHXW PRQWUHU TXH & =]0, 12 ] HVW XQ IHUP« GH ]0, 1]� (Q HਬHW VRLW (-!) XQH VXLWH GH ]0, 12 ] TXL D XQH OLPLWH
GDQV ]0, 1] DORUV VD OLPLWH DSSDUWLHQW ¢ & �

6RLW F XQH SDUWLH GH !�

�� /D SDUWLH & HVW XQ RXYHUW UHODWLI GH F VL HW VHXOHPHQW VۑLO H[LVWH XQ RXYHUW " GH ! WHO TXH & = " ∩ F�
2Q GLW TXH & HVW OD WUDFH GH" �

�� /D SDUWLH & HVW XQ IHUP« UHODWLI GH F VL HW VHXOHPHQW VۑLO H[LVWH XQ IHUP« ( GH ! WHO TXH & = ( ∩F� 2Q
GLW TXH & HVW OD WUDFH GH ( �

Proposition 12.25

Démonstration :
�� ی ⇒ 2Q VXSSRVH TXH & HVW XQ RXYHUW UHODWLI� 2Q VDLW DORUV TXH SRXU WRXW - GH & � LO H[LVWH $' WHO TXH %(-, $' ) ∩

F ⊂ & � 3RVRQV
" =

⋃
' ∈4

%(-, $' )

,O HVW FODLU TXH " HVW XQ RXYHUW �GH !� FRPPH U«XQLRQ GۑRXYHUWV� 'H SOXV� & ⊂ " SDU FRQVWUXFWLRQ� FRPPH
& ⊂ F RQ D ELHQ & ⊂ " ∩F� ,QYHUVHPHQW�

" ∩F =
⋃
' ∈4

(%(-, $' ) ∩F) ⊂ & .

ی ⇐ 6RLW " XQ RXYHUW GH ! WHO TXH & = " ∩ F� 6RLW - ∈ & � LO H[LVWH $ > 0 WHO TXH %(-, $) ⊂ " GRQF
%(-, $) ∩F ⊂ " ∩F = & .

�� '«FRXOH GH �� HQ SDVVDQW DX FRPSO«PHQWDLUH�

6RLW F XQH SDUWLH GH !� HQVHPEOHۑ/ GHV RXYHUWV UHODWLIV GH F HVW VWDEOH SDU LQWHUVHFWLRQ ਭQLH HW SDU U«XQLRQ
TXHOFRQTXH�

Corollaire 12.26
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2 �WXGH ORFDOH GنXQH DSSOLFDWLRQ
1RXV DOORQV GDQV FH FKDSLWUH J«Q«UDOLVHU OD QRWLRQV GH OLPLWH HW GH IRQFWLRQV FRQWLQXHV DX FDV GHV IRQFWLRQV : GۑXQ

HVSDFH YHFWRULHO QRUP« (!, | |.| |%) GDQV XQ DXWUH (( , | |.| |5 )� &HOD J«Q«UDOLVH OHV FDV G«M¢ «WXGL« HQ SUHPLªUH DQQ«H R» ! HW
( YDOHQW R RX C�

2.1 /LPLWH HQ XQ SRLQW DGK«UHQW

6RLW : XQH IRQFWLRQ G«टQLH VXU XQH SDUWLH F GڥXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) ¢ YDOHXUV GDQV XQ DXWUH
(( , | |.| |5 )� 6RLW # XQ SRLQW DGK«UHQW ¢ F HW ℓ ∈ ( � 2Q GLW TXH : WHQG YHUV ℓ TXDQG - WHQG YHUV # VL

∀/ > 0, ∃I > 0,∀- ∈ F, | |- − # | |% ⇒ | |: (-) − ℓ | |5 ! / .

2Q QRWH DORUV
: (-) −→

'→(
ℓ

Définition 12.27

Remarques :
1. 'DQV OH FDV GHV IRQFWLRQV GH R GDQV R� OD G«ਭQLWLRQ SHXW Vۑ«FULUH DYHF GHV LQWHUYDOOHV� /¢ RQ SHXW Oۑ«FULUH DYHF GHV

ERXOHV� 2Q D : (-) −→
'→(

ℓ VL HW VHXOHPHQW VL SRXU WRXW / > 0� LO H[LVWH I > 0 WHO TXH : (%(#,I)) ⊂ %(ℓ, /)�

2. 2Q SHXW «FULUH FHिH G«ਭQLWLRQ DYHF GHV LQ«JDOLW«V VWULFWHV �FۑHVW�¢�GLUH GHV ERXOHV RXYHUWHV� FDU SRXU /� OD ERXOH
IHUP«H GH UD\RQ 6

2 HVW LQFOXV GDQV OH ERXOH RXYHUWH GH UD\RQ /� 'RQF� SRXU FHिH ERXOH IHUP«H� LO H[LVWH XQ I WHO TXH
: (%(#,I)) ⊂ %(ℓ, 62 )� 2Q D DORUV

: (%(#,I)) ⊂ : (%(#,I)) ⊂ %(ℓ, /
2
) ⊂ %(ℓ, /)

3. 2Q SHXW UHIRUPXOHU FHिH G«ਭQLWLRQ DYHF GHV YRLVLQDJHV UHODWLIV� (Q HਬHW FHOD SHXW Vۑ«FULUH TXH SRXU WRXW YRLVLQDJH
V GH ℓ LO H[LVWH XQ YRLVLQDJH UHODWLI U GH # GDQV F WHO TXH : (U ) ⊂ V �

2Q UHSUHQG OHV P¬PHV QRWDWLRQV

�� 2Q VXSSRVH TXH F QڥHVW SDV ERUQ«� 2Q GLW TXH : WHQG YHUV ℓ ∈ ( TXDQG | |- | |% → ∞ VL

∀/ > 0, ∃3 ∈ R,∀- ∈ F, | |- | |% " 3 ⇒ | |: (-) − ℓ | |5 ! / .

2Q QRWH DORUV : (-) −→
| |' | |!→∞

ℓ .

1RWHU TXH FٕHVW | |- | |% → ∞ HW SDV - → ∞�

�� 6L ( = R� 6RLW # XQ SRLQW DGK«UHQW ¢ F� 2Q GLW TXH : WHQG YHUV ∞ TXDQG - → # VL

∀3 ∈ R+, ∃I > 0,∀- ∈ F, | |- − # | |% ! I ⇒ |: (-) | " 3 .

2Q QRWH DORUV : (-) −→
'→(

∞.

�� 2Q VXSSRVH TXH ! = R� 2Q VXSSRVH TXHF QڥHVW SDV PDMRU« �UHVS� QڥHVW SDV PLQRU«�� 2Q GLW TXH : WHQG YHUV
ℓ ∈ ( TXDQG - → +∞ �UHVS� TXDQG - → −∞� VL

∀/ > 0, ∃3 ∈ R,∀- ∈ F, - " 3 ⇒ | |: (-) − ℓ | |5 ! /

�UHVS� ∀/ > 0, ∃4 ∈ R,∀- ∈ F, - ! 4 ⇒ | |: (-) − ℓ | |5 ! / �.
2Q QRWH DORUV : (-) −→

'→+∞
ℓ �UHVS� : (-) −→

'→−∞
ℓ� �

Définition 12.28 �Extension aux cas où # = ∞ et ℓ = ∞�
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2Q UHSUHQG OHV P¬PHV QRWDWLRQV� 2Q VXSSRVH TXۑLO H[LVWH ℓ HW ℓ ′ GDQV ( WHOV TXH : (-) −→
'→(

ℓ HW : (-) −→
'→(

ℓ ′�

2Q D DORUV ℓ = ℓ ′�

Proposition 12.29 �Unicité de la limite�

Terminologie : ोDQG : (-) −→
'→(

ℓ RQ GLW ℓ HVW OD OLPLWH GH : TXDQG - WHQG YHUV # HW RQ QRWH

lim
'→(

: (-) = ℓ RX lim
(
: = ℓ .

Démonstration : ,O VXਯW GH UHFRSLHU OD G«PRQVWUDWLRQ XVXHOOH� #

$YHF OHV P¬PHV QRWDWLRQV� 6L lim
(
: = ℓ DORUV : HVW ERUQ«H DX YRLVLQDJH GH #�

Proposition 12.30

Démonstration : ,O VXਯW GH SUHQGUH / = 1 SDU H[HPSOH� ,O H[LVWH DORUV I WHO TXH VL - DSSDUWLHQW ¢ %(#,I) ∩ F DORUV
: (-) ∈ %(ℓ, 1)� #

6RLW : XQH IRQFWLRQ GH F GDQV ( � 6RLW # XQ SRLQW DGK«UHQW ¢ F HW ℓ ∈ ( �
(
lim
(
: = ℓ

)
⇐⇒

(
∀(=!) ∈ FN, lim(=!) = # ⇒ lim(: (=!)) = ℓ

)
.

Théorème 12.31 �Caractérisation séquentielle de la limite�

Démonstration :
ی ⇒ 2Q VXSSRVH TXH lim

(
: = ℓ � 2Q FRQVLGªUH XQH VXLWH (=!) ∈ FN TXL FRQYHUJH YHUV #� RQ YHXW PRQWUHU TXH

lim(: (=!)) = ℓ � FۑHVW�¢�GLUH

∀/ > 0, ∃D ∈ N,∀* ∈ N,* " D ⇒ | |: (=!) − ℓ | | ! /

3RXU / > 0� FRPPH lim
(
: = ℓ � LO H[LVWH I > 0 WHO TXH SRXU WRXW - GH F� VL | |- − # | |% ! I DORUV | |: (-) − ℓ | |5 ! /�

0DLQWHQDQW SRXU FH I� FRPPH lim(=!) = #� LO H[LVWH D ∈ N WHO TXH SRXU WRXW HQWLHU *� * " D ⇒ | |=! − # | | ! I� 2Q
D GRQF

* " D → | |: (=!) − ℓ | | ! / .
2Q D ELHQ lim(: (=!)) = ℓ �

ی ⇐ 2Q SURFªGH SDU FRQWUDSRV«H� 2Q PRQWUH TXH VL OD OLPLWH GH : HQ # QۑHVW SDV ℓ �FH TXL VLJQLਭH TXH OۑRQ SHXW
DYRLU lim

(
: ≠ ℓ RX TXH : QۑD SDV GH OLPLWH HQ #� DORUV LO H[LVWH XQH VXLWH (=!) ∈ FN TXL WHQG YHUV # HW WHOOH TXH

(: (=!)) QH WHQG SDV YHUV ℓ � /H IDLW TXH OD OLPLWH GH : HQ # QۑHVW SDV ℓ VLJQLਭH TXH

∃/ > 0,∀I > 0, ∃- ∈ F, | |- − # | |% ! I HW | |: (-) − ℓ | |5 > / .

2Q SUHQG DORUV XQ / Y«ULਭDQW OۑDVVHUWLRQ FL�GHVVRXV HW RQ OۑDSSOLTXH SRXU I =
1

* + 1
� 2Q SHXW DORUV FRQVWUXLUH XQH

VXLWH (-!) WHOOH TXH
∀* ∈ N, | |-! − # | | !

1
* + 1

GRQF (-!) → # HW ∀* ∈ N, | |: (-!) − ℓ | |5 > / GRQF (: (-!)) QH WHQG SDV YHUV ℓ �
#

6RLW : XQH IRQFWLRQ GH F GDQV ( � 6RLW # DGK«UHQW ¢ F HW ℓ ∈ ( �
(
lim
(
: = ℓ

)
⇐⇒

(
lim
'→(

| |: (-) − ℓ | | = 0
)

Proposition 12.32
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Démonstration : ([HUFLFH� #

6RLW ((1, | |.| |1), . . . , ((!, | |.| |!) GHV HVSDFHV YHFWRULHOV QRUP«HV� 2Q SRVH ( = (1× · · ·×(! DYHF OD QRUPH SURGXLW
QRW«H | |.| |5 � 6RLW : XQH DSSOLFDWLRQ GۑXQH SDUWLHF GۑXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) GDQV ( � 2Q QRWH SRXU
WRXW 2 ∈ [[ 1 ; * ]] OD 2�HPH FRPSRVDQWH WHOOH TXH

∀- ∈ F, : (-) = (:1 (-), . . . , :! (-)) .

6RLW # XQ SRLQW DGK«UHQW ¢ F HW ℓ = (ℓ1, . . . , ℓ!) ∈ ( �(
lim
(
: = ℓ

)
⇐⇒

(
∀2 ∈ [[ 1 ; * ]] , lim

(
:# = ℓ#

)
.

Proposition 12.33

Démonstration :
ی ⇒ 2Q VXSSRVH TXH (lim( : = ℓ)� 2Q D GRQF TXH | |: (-) − ℓ | | −→

'→(
0� 3RXU WRXW 2 �

| |:# (-) − ℓ# | |# ! | |: (-) − ℓ | | −→
'→(

0.

2Q D GRQF ELHQ TXH SRXU 2 ∈ [[ 1 ; * ]]� lim( :# = ℓ# �

ی ⇐ 2Q VXSSRVH TXH SRXU WRXW HQWLHU 2 GDQV [[ 1 ; * ]]� lim
(
:# = ℓ# � 3RXU WRXW / > 0 HW SRXU WRXW 2 ∈ [[ 1 ; * ]]� LO H[LVWH

I# WHO TXH
∀- ∈ F, | |- − # | |# ! I# ⇒ | |:# (-) − ℓ# | |# ! /

,O VXਯW GRQF GH SRVHU I = Min
1!#!!

I# �

#

Remarque : (Q SDUWLFXOLHU� VL ( HVW XQ HVSDFH GH GLPHQVLRQ ਭQLH HW VLB = (81, . . . , 8!) HVW XQH EDVH GH ( � 3RXU : : F → ( �
RQ SHXW QRWHU :# = 8∗# ◦ : OD 2�HPH FRPSRVDQWH GH : GDQV OD EDVHB� 2Q D DORUV SRXU # DGK«UHQW ¢F HW ℓ = ℓ181 + · · · + ℓ!8! �(

lim
(
: = ℓ

)
⇐⇒

(
∀2 ∈ [[ 1 ; * ]] , lim

(
:# = ℓ#

)
.

2.2 &RPSRVLWLRQ

6RLW (!, | |.| |%), (( , | |.| |5 ) HW (B, | |.| |7 ) WURLV HVSDFHV YHFWRULHOV QRUP«HV� 6RLW F XQH SDUWLH GH ! HW % XQH SDUWLH
GH ( � 2Q FRQVLGªUH : XQH DSSOLFDWLRQ GH F GDQV ( WHOOH TXH : (F) ⊂ % HW ; XQH DSSOLFDWLRQ GH % GDQV B � 6RLW
# XQ SRLQW DGK«UHQW GH F HW + ∈ ( � 2Q VXSSRVH TXH lim

(
: = +� $ORUV

�� /H SRLQW + HVW DGK«UHQW ¢ %�

�� LOۑ6 H[LVWH ℓ ∈ B WHO TXH lim
1
; = ℓ DORUV lim

(
; ◦ : = ℓ .

Proposition 12.34 �Limite d’une composée�

Démonstration :
�� &RPPH # HVW DGK«UHQW ¢ F� LO H[LVWH XQH VXLWH (-!) ∈ FN WHOOH TXH (-!) → #� &RPPH� GH SOXV lim

(
: = + DORUV OD

VXLWH (: (-!)) WHQG YHUV +� 0DLV FRPPH (: (-!)) HVW XQH VXLWH Gۑ«O«PHQWV GH % RQ REWLHQW TXH + ∈ %�
�� 8WLOLVRQV �SRXU FKDQJHU� OD G«ਭQLWLRQ GH OD OLPLWH SDU GHV YRLVLQDJHV� 2Q VDLW TXH SRXU WRXW YRLVLQDJH Vℓ GH ℓ GDQV
B � LO H[LVWH XQ YRLVLQDJH UHODWLI V1 GH + GDQV % WHO TXH ;(V1) ⊂ V9 � 0DLQWHQDQW SRXU OH YRLVLQDJH V1 HVW OD WUDFH
GDQV % GۑXQ YRLVLQDJH V ′

1 GH + GDQV ( � 3RXU FH YRLVLQDJH� LO H[LVWH XQ YRLVLQDJH UHODWLI V( GH # GDQV F WHO TXH
: (V() ⊂ V ′

1 � 2Q D P¬PH : (V() ⊂ V1 FDU : (F) ⊂ %� )LQDOHPHQW (; ◦ : ) (V() ⊂ Vℓ �

#

���



2.3 2S«UDWLRQV VXU OHV OLPLWHV

6RLW :1, :2 GHX[ IRQFWLRQV G«ਭQLHV VXU XQH SDUWLH F GۑXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) ¢ YDOHXUV GDQV XQ
DXWUH (( , | |.| |5 )� 6RLW # XQ SRLQW DGK«UHQW ¢ F� 6RLW J ∈ K �R» K HVW OH FRUSV GH EDVH GH ( �� 6L lim

(
:1 = ℓ1 HW

lim
(
:2 = ℓ2 DORUV lim

(
(:1 + :2) = ℓ1 + ℓ2 HW lim

(
J:1 = Jℓ1 .

Proposition 12.35 �Combinaisons linéaires�

Démonstration : ([HUFLFH #

6RLW :1, :2 GHX[ IRQFWLRQV G«ਭQLHV VXU XQH SDUWLH F GۑXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) ¢ YDOHXUV GDQV XQ
DXWUH (( , | |.| |5 )� 6RLW # XQ SRLQW DGK«UHQW ¢F� 2Q VXSSRVH TXH ( HVW XQH DOJªEUH HW TXH | |.| |5 Y«ULਭH TXۑLO H[LVWH
E > 0� WHO TXH SRXU (0,0 ′) ∈ ( 2� | |0 × 0 ′ | |5 ! E | |0 | |5 | |0 ′ | |5 �
6L lim

(
:1 = ℓ1 HW lim

(
:2 = ℓ2 DORUV lim

(
(:1 × :2) = ℓ1 × ℓ2�

Proposition 12.36 �Produit�

Démonstration : 2Q SHXW VH UDPHQHU DX FDV GHV VXLWHV SRXU SURXYHU FHOD� (Q HਬHW SRXU WRXWH VXLWH (-!) WHQGDQW YHUV #�
(:1 (-!)) WHQG YHUV ℓ1 HW (:2 (-!)) WHQG YHUV ℓ2 GۑDSUªV OH VHQV ⇒ GH OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH� 2Q HQ G«GXLW TXH OD
VXLWH (:1× :2 (-!)) WHQG YHUV ℓ1×ℓ2 GۑDSUªV OHV SURSUL«W«V GHV OLPLWHV GH VXLWHV� /H VHQV ⇐ GH OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH
SHUPHW DORUV GH FRQFOXUH� #

2.4 &RQWLQXLW«

/¢ HQFRUH� RQ J«Q«UDOLVH OD QRWLRQ GH IRQFWLRQ FRQWLQXH HQ XQ SRLQW �R» : HVW G«ਭQLH� HW GH IRQFWLRQV FRQWLQXHV�

6RLW : XQH IRQFWLRQ G«टQLH VXU XQH SDUWLH F GڥXQ HVSDFH YHFWRULHO QRUP« ! ¢ YDOHXUV GDQV ( � 6RLW # ∈ F� 2Q GLW
TXH : HVW FRQWLQXH HQ # VL : D XQH OLPLWH HQ #�

Définition 12.37

Remarque : /D OLPLWH HVW DORUV Q«FHVVDLUHPHQW : (#)� (Q HਬHW VL RQ QRWH ℓ OD OLPLWH DORUV SRXU WRXW / > 0� | |: (#) − ℓ | | ! / .
2Q SHXW GRQF GLUH

(: HVW FRQWLQXH HQ #) ⇐⇒
(
lim
'→(

: (-) = : (#)
)
.

2Q SHXW UHSUHQGUH OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH�

6RLW : XQH IRQFWLRQ G«ਭQLH VXU XQH SDUWLH F GۑXQ HVSDFH YHFWRULHO QRUP« ! ¢ YDOHXUV GDQV ( � 6RLW # ∈ F�

(: bHVW FRQWLQXH HQ #) ⇐⇒
(
∀(=!) ∈ FN, lim(=!) = # ⇒ lim(: (=!)) = : (#)

)
.

Proposition 12.38 �Caractérisation séquentielle de la continuité en #�

2Q SHXW GH P¬PH U««FULUH OHV RS«UDWLRQV DOJ«EULTXHV DLQVL TXH OHV FRPSRV«HV GH OLPLWHV

6RLW :1, :2 GHX[ IRQFWLRQV G«ਭQLHV VXU XQH SDUWLH F GۑXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) ¢ YDOHXUV GDQV XQ
DXWUH (( , | |.| |5 )� 6RLW # XQ SRLQW GH F� 6RLW J ∈ K �R» K HVW OH FRUSV GH EDVH GH ( �� 6L :1 HW :2 VRQW FRQWLQXHV HQ
# DORUV :1 + :2 HW J:1 DXVVL�

Proposition 12.39 �Combinaisons linéaires�

���



6RLW :1, :2 GHX[ IRQFWLRQV G«ਭQLHV VXU XQH SDUWLH F GۑXQ HVSDFH YHFWRULHO QRUP« (!, | |.| |%) ¢ YDOHXUV GDQV XQ
DXWUH (( , | |.| |5 )� 6RLW # XQ SRLQW GH F� 2Q VXSSRVH TXH ( HVW XQH DOJªEUH HW TXH | |.| |5 Y«ULਭH TXۑLO H[LVWHE > 0�
WHO TXH SRXU (0,0 ′) ∈ ( 2� | |0 × 0 ′ | |5 ! E | |0 | |5 | |0 ′ | |5 �
6L :1 HW :2 VRQW FRQWLQXHV HQ # DORUV :1 × :2

Proposition 12.40 �Produit�

6RLW (!, | |.| |%), (( , | |.| |5 ) HW (B, | |.| |7 ) WURLV HVSDFHV YHFWRULHOV QRUP«HV� 6RLW F XQH SDUWLH GH ! HW % XQH SDUWLH
GH ( � 2Q FRQVLGªUH : XQH DSSOLFDWLRQ GHF GDQV ( WHOOH TXH : (F) ⊂ % HW ; XQH DSSOLFDWLRQ GH % GDQVB � 6RLW #
XQ GH F HW + = : (#)� 2Q VXSSRVH TXH : HVW FRQWLQXH HQ # HW ; HVW FRQWLQXH HQ + DORUV ; ◦ : HVW FRQWLQXH HQ #�

Proposition 12.41 �Composition�

6RLW : XQH IRQFWLRQ G«टQLH VXU XQH SDUWLHF GڥXQ HVSDFH YHFWRULHO QRUP« ! ¢ YDOHXUV GDQV ( � (OOH HVW GLWH FRQWLQXH
VL HOOH HVW FRQWLQXH HQ WRXW SRLQW GH F�
2Q QRWH C 0 (F, ( ) OڥHQVHPEOH GHV IRQFWLRQV FRQWLQXHV GH F GDQV ( �

Définition 12.42

Exemples :
1. 6RLW ! = K! [& ] DYHF OD QRUPH LQਭQLH� DSSOLFDWLRQۑ/ Δ : ' ↦→ ' ′ HVW FRQWLQXH� (Q HਬHW� LO HVW FODLU TXH | |Δ(') | | !

* | |' | |� 'H FH IDLW SRXU ' ∈ !�

lim
:→;

Δ()) = lim
<→0

Δ(' + 5 ) = Δ(') + lim
<→0

Δ(5 ) = Δ(')

2. 6L RQ WUDYDLOOH SRXU ! = K[& ]� OۑDSSOLFDWLRQ GH G«ULYDWLRQ Δ QۑHVW SOXV FRQWLQXH �WRXMRXUV SRXU OD QRUPH LQਭQLH��

(Q HਬHW� VL RQ FRQVLGªUH OD VXLWH '! =
1
*
&! � HOOH WHQG YHUV 0 PDLV Δ('!) = &!−1 QH WHQG SDV YHUV 0 FDU | |&!−1 | | = 1.

3. 6RLW 9 XQ HQWLHU� 2Q FRQVLGªUH OHV SURMHFWLRQV A# : K, → K G«ਭQLH SDU (-1, . . . , -, ) → -# � 6L RQ FRQVLGªUH OD
QRUPH LQਭQLH VXU K, DORUV A# HVW FRQWLQXH� (Q HਬHW� VRLW # = (#1, . . . ,#, )� 2Q VDLW TXH VL RQ FRQVLGªUH XQH VXLWH
(-!) Gۑ«O«PHQWV GH K, � HOOH FRQYHUJH YHUV #� VL HW VHXOHPHQW VL OHV FRPSRVDQWHV (A# (-!)) FRQYHUJHQW YHUV ## � 2Q HQ
G«GXLW TXH A# HVW FRQWLQXH SDU OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH GH OD OLPLWH�

6RLW : XQH DSSOLFDWLRQ HQWUH GHX[ HVSDFHV YHFWRULHOV QRUP«V ! HW ( � 2Q D YX TXۑHQ UHPSOD©DQW OD QRUPH GH !
RX FHOOH GH ( SDU XQH QRUPH «TXLYDOHQWH� RQ QH FKDQJH SDV OHV m WRSRORJLHV } GH FH IDLW RQ QH PRGLਭH SDV OH
FDUDFWªUH FRQWLQXH GH : � &HSHQGDQW� VL OHV QRUPHV QH VRQW SOXV «TXLYDOHQWHV� FH QۑHVW SOXV YUDL� 3DU H[HPSOH�
VRLW ! = C 0 ( [0, 1],R) HW ( = R� 2Q FRQVLGªUH $0 : : ↦→ : (0)� 6L RQ XWLOLVH OD QRUPH LQਭQLH DORUV : HVW FRQWLQXH�
(Q HਬHW� |$0 (: ) | = |: (0) | ! | |: | |∞� 2Q SHXW DORUV G«PRQWUHU TXH $0 HVW FRQWLQXH FRPPH FL�GHVVXV �YRLU DXVVL
SOXV ORLQ�� 3DU FRQWUH� SRXU OD QRUPH | |.| |1� OD IRQFWLRQ QۑHVW SOXV FRQWLQXH� 2Q SHXW OH PRQWUHU HQ XWLOLVDQW OD
VXLWH GH IRQFWLRQV

:! : - ↦→
{
0 VL - > 1

!
1 − *- VLQRQ

/D VXLWH GH IRQFWLRQ (:!) WHQG YHUV OD IRQFWLRQ QXOOH PDLV SRXU DXWDQW ($0 (:!)) → 1 ≠ 0.

ATTENTION
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�� HQVHPEOHۑ/ GHV IRQFWLRQV FRQWLQXHV GH F GDQV ( HVW XQ VRXV�HVSDFH YHFWRULHO�

�� 6RLW !, ( HW B WURLV HVSDFHV YHFWRULHOV QRUP«V� VRLW : : ! → ( HW ; : ( → B GHV DSSOLFDWLRQV FRQWLQXHV�
�DSSOLFDWLRQۑ/ ; ◦ : HVW FRQWLQXH�

�� 6RLW ! XQ HVSDFH YHFWRULHO QRUP« HW ( XQH DOJªEUH DYHF XQH QRUPH GۑDOJªEUH� 6RLW :1 HW :2 GHV DSSOLFD�
WLRQV FRQWLQXHV GH F GDQV ( � /H SURGXLW :1 × :2 HVW HQFRUH FRQWLQXH�

�� 6RLW : XQH DSSOLFDWLRQ G«ਭQLH VXU XQH SDUWLHF GۑXQ HVSDFH YHFWRULHO QRUP« ! HW ¢ YDOHXUV GDQV ( � 2Q QH
PRGLਭH SDV OH FDUDFWªUH FRQWLQXH HQ UHPSOD©DQW OD QRUPH GH ! HW�RX GH ( SDU XQH QRUPH «TXLYDOHQWH�

Proposition 12.43

Démonstration : ,O VXਯW GۑXWLOLVHU OHV SURSUL«W«V YXHV SU«F«GHPPHQW HQ WRXW SRLQW # GH F� #

Exemple : 6RLW 9 XQ HQWLHU� 2Q DSSHOOH PRQ¶PH GH K, GDQV K XQH DSSOLFDWLRQ :#1,...,## GH OD IRUPH

: : (-1, . . . , -, ) ↦→ -#11 × · · · × -##, .

2Q D YX TXH OHV SURMHFWLRQV «WDLHQW FRQWLQXHV �SRXU OD QRUPH LQਭQLH� GRQF OHV PRQ¶PHV DXVVL�
2Q DSSHOOH SRO\Q¶PH WRXWH VRPPH GۑXQ QRPEUH ਭQL GH PRQ¶PHV�
3DU H[HPSOH (-1, -2, -3) ↦→ -1 + 3-1-3 − 7-22-

2
1 HVW XQ SRO\Q¶PH�

DSUªVۑ' FH TXL SU«FªGH� VH VRQW GHV DSSOLFDWLRQV FRQWLQXHV�
3OXV J«Q«UDOHPHQW�

6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ *�
2Q DSSHOOH SRO\Q¶PH HQ OHV FRRUGRQQ«HV XQH DSSOLFDWLRQ : : ! → K GH OD IRUPH

: : - ↦→
∑

(#1,...,#")∈ [[ 0 ;& ]]"
##1,...,#"8

∗
1 (-)#1 × · · · × 8∗! (-)#"

R» B = (81, . . . , 8!) HVW XQH EDVH GH ! HW . HVW XQ HQWLHU QDWXUHO�

Définition 12.44 �Polynômes en les coordonnées�

Remarques :
1. HVWۑ& MXVWH XQH J«Q«UDOLVDWLRQ GHV IRQFWLRQV SRO\QRPLDOHV YXHV SU«F«GHPPHQW�

2. /H FKRL[ GH OD EDVH QH PRGLਭH SDV OH FDUDFWªUH SRO\QRPLDO FDU OHV IRUPXOHV GH FKDQJHPHQW GH EDVH VRQW SRO\QR�
PLDOHV�

Exemple : /H G«WHUPLQDQW HVW XQ SRO\Q¶PH HQ OHV FRRUGRQQ«HV�

/HV DSSOLFDWLRQV SRO\QRPLDOHV VRQW FRQWLQXHV�

Proposition 12.45

Démonstration : &H VRQW GHV VRPPHV HW GHV SURGXLWV GHV 8∗# TXL VRQW FRQWLQXHV� #

6RLW : HW ; GHX[ DSSOLFDWLRQV FRQWLQXHV G«ਭQLHV VXUF HW ¢ YDOHXUV GDQV ( � 2Q VXSSRVH TXۑLO H[LVWH XQH SDUWLH
5 GHQVH GDQV F WHOOH TXH : HW ; FR±QFLGHQW VXU 5 DORUV : = ;�

Proposition 12.46

Démonstration : 6RLW # ∈ F� FRPPH 5 HVW GHQVH GDQV F� LO H[LVWH XQH VXLWH (-!) Gۑ«O«PHQWV GH 5 TXL WHQG YHUV #�
0DLQWHQDQW� SRXU WRXW HQWLHU *� : (-!) = ;(-!)� 2U� SDU FRQWLQXLW«�

(: (-!)) → : (#) HW (;(-!)) → ;(#)

���



2Q HQ G«GXLW TXH : = ;� #

Exemple : 6RLW : XQH DSSOLFDWLRQ GH R GDQV R� 2Q OD VXSSRVH FRQWLQXH HW TXۑHOOH Y«ULਭH TXH

∀(-,0) ∈ R2, : (- + 0) = : (-) + : (0).

(Q SRVDQW G = : (1)� 2Q PRQWUH DLV«PHQW SDU U«FXUUHQFH TXH
ی ∀* ∈ N, : (*) = *G
ی ∀* ∈ Z, : (*) = *G
ی ∀, ∈ Q, : (, ) = ,G

2Q HQ G«GXLW TXH : FR±QFLGH DYHF ; : - ↦→ -G VXU Q TXL HVW GHQVH GDQV R� FRPPH ; HVW DXVVL FRQWLQXH� : = ;�

2.5 &DUDFW«ULVDWLRQ GX FDUDFWªUH FRQWLQX SDU OHV LPDJHV U«FLSURTXHV

6RLW : XQH DSSOLFDWLRQ GۑXQH SDUWLH F GH ! GDQV ( � /HV DVVHUWLRQV VXLYDQWHV VRQW «TXLYDOHQWHV �

L� DSSOLFDWLRQۑ/ : HVW FRQWLQXH�

LL� LPDJHۑ/ U«FLSURTXH GH WRXW RXYHUW" GH ( HVW XQ RXYHUW UHODWLI GH F�

LLL� LPDJHۑ/ U«FLSURTXH GH WRXW IHUP« & GH ( HVW XQ IHUP« UHODWLI GH F�

Théorème 12.47

Démonstration :
ی (Q UHPDUTXDQW TXH VL & HVW XQH SDUWLH GH ( � : −1

(
$5&

)
= $3 : −1 (& ) LO HVW FODLU TXH LL HW LLL VRQW «TXLYDOHQWV�

ی L� ⇒ LL� 2Q VXSSRVH TXH : HVW FRQWLQXH� RQ VH GRQQH XQ RXYHUW " GH ( HW RQ QRWH 6 = : −1 (" )� 0RQWURQV TXH 6
HVW XQ RXYHUW� 3RXU FHOD RQ VH GRQQH # ∈ 6 HW RQ SRVH 0 = : (#) ∈ " � &RPPH " HVW XQ RXYHUW� LO H[LVWH / WHO TXH
%(0, /) ⊂ " �
0DLQWHQDQW� FRPPH : HVW FRQWLQXH� SRXU / > 0� LO H[LVWHI WHO TXH SRXU WRXW - GHF� - ∈ %(#,I) ⇒ : (-) ∈ %(: (#), /)�
'LW DXWUHPHQW� %(#,I) ∩F ⊂ : −1 (%(0, /)) ⊂ : −1 (" ) = 6 . 2Q D ELHQ PRQWU« TXH 6 «WDLW XQ RXYHUW UHODWLI�

ی LL� ⇒ L� 2Q VXSSRVH TXH OۑLPDJH U«FLSURTXH GH WRXW RXYHUW" GH ( HVW XQ RXYHUW UHODWLI GH F� 6RLW # ∈ F� RQ SRVH
0 = : (#)� 3RXU WRXW / > 0� OD ERXOH RXYHUW GH FHQWUH0 HW GH UD\RQ / HVW XQ RXYHUW� 6RQ LPDJH U«FLSURTXH6 HVW GRQF
XQ RXYHUW TXL FRQWLHQW #� 2Q HQ G«GXLW TXۑLO H[LVWH I > 0 WHO TXH %(#,I) ∩F ⊂ 6 � (Q DSSOLTXDQW : RQ REWLHQW TXH

∀- ∈ F, | |- − # | | < I ⇒ : (-) ∈ %(0, /).

DSSOLFDWLRQۑ/ : HVW GRQF FRQWLQXH�

#

Exemples :
1. 6RLW : : R2 → R WHOOH TXH : (-,0) = -2 +02� &RPPH FۑHVW XQ SRO\Q¶PH HOOH HVW FRQWLQXH� 2Q HQ G«GXLW TXH OۑLPDJH

U«FLSURTXH GX IHUP« {1} FۑHVW�¢�GLUH OD VSKªUH {(-,0) ∈ R2 | -2 + 02 = 1} HVW XQ IHUP«�
2. 6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� 6RLW :1, . . . , : , GHV DSSOLFDWLRQV SRO\QRPLDOHV �SDU H[HPSOH GHV DS�

SOLFDWLRQV OLQ«DLUHV�� HQVHPEOHۑ/ F = {- ∈ ! , :1 (-) = · · · = :) (-) = 0} HVW XQ IHUP«� (Q HਬHW 5# = {- ∈ , :# (-) =
0} = : −1# ({0}) HVW XQ IHUP« FRPPH LPDJH U«FLSURTXH GۑXQ IHUP« SDU XQH DSSOLFDWLRQ FRQWLQXH HW F =

)⋂
#=1
5# HVW

IHUP« FRPPH LQWHUVHFWLRQ GH IHUP«V�

3. 6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH HW : XQH DSSOLFDWLRQ SRO\QRPLDOH� F+ = {- ∈ ! , : (-) " 0} =
: −1 ([0, +∞[) HVW XQ IHUP« FRPPH LPDJH U«FLSURTXH GۑXQ IHUP« SDU XQH DSSOLFDWLRQ FRQWLQXH HW F++ = {- ∈
! , : (-) > 0} = : −1 (]0, +∞[) HVW XQ RXYHUW FRPPH LPDJH U«FLSURTXH GۑXQ RXYHUW SDU XQH DSSOLFDWLRQ FRQWLQXH�

Exercices :
1. 5HWURXYHU TXH OۑHQVHPEOH GHV PDWULFHV VWRFKDVWLTXHV HVW IHUP«�

2. 2Q FRQVLGªUH F = GL! (K)� 0RQWUHU TXH F HVW RXYHUW�

���



2.6 $SSOLFDWLRQV XQLIRUP«PHQW FRQWLQXHV

6RLW : XQH DSSOLFDWLRQ G«टQLH VXU XQH SDUWLH F GڥXQ HVSDFH YHFWRULHO QRUP« ! HW ¢ YDOHXUV GDQV ( � 2Q GLW TXH :
HVW XQLIRUP«PHQW FRQWLQXH VL

∀/ > 0, ∃I > 0,∀(-,0) ∈ F2,. (-,0) ! I ⇒ . (: (-), : (0)) ! / .

Définition 12.48

Remarques :
1. 2Q SHXW UHPSODFHU OHV LQ«JDOLW«V ODUJHV SDU GHV LQ«JDOLW«V VWULFWHV�

2. (Q FKDQJHDQW OD QRUPH GH ! HW�RX GH ( SDU XQH QRUPH «TXLYDOHQWH� RQ QH PRGLਭH SDV OH FDUDFWªUH XQLIRUP«PHQW
FRQWLQXH GۑXQH DSSOLFDWLRQ�

6RLW : XQH DSSOLFDWLRQ GH F ⊂ ! GDQV ( �
6L HOOH HVW XQLIRUP«PHQW FRQWLQXH DORUV HOOH HVW FRQWLQXH�

Proposition 12.49

Démonstration : ,O VXਯW GH UHFRSLHU OD G«PRQVWUDWLRQ FODVVLTXH�
#

&H QۑHVW SDV XQH «TXLYDOHQFH� DSSOLFDWLRQۑ/ - ↦→ -2 HVW FRQWLQXH VXU VXU R PDLV SDV XQLIRUP«PHQW FRQWLQXH�
(Q HਬHW� VL RQ VXSSRVH SDU OۑDEVXUGH TXۑHOOH HVW XQLIRUP«PHQW FRQWLQXH� 3RXU / = 1� LO H[LVWH I > 0 WHO TXH
|- − 0 | ! I ⇒ |-2 − 02 | ! / = 1�
0DLQWHQDQW HQ SRVDQW 0 = - + I� |02 − -2 | = 2-I + I2 GRQF� TXDQG - → ∞� |-2 − 02 | → ∞ FH TXL FRQWUHGLW
OۑK\SRWKªVH�

ATTENTION

2.7 $SSOLFDWLRQV OLSVࠫLW]LHQQHV

5DSSHORQV� FH TXL D G«M¢ «W« YX VXU OHV DSSOLFDWLRQV OLSVFKLW]LHQQHV�

6RLW (!, | |.| |%) HW (( , | |.| |5 ) GHX[ HVSDFHV YHFWRULHOV QRUP«V� 6RLW : XQH DSSOLFDWLRQ GH F ⊂ ! GDQV ( �

�� 6RLW K ∈ R+� DSSOLFDWLRQڥ/ : HVW GLWH K�OLSVFKLW]LHQQH VL

∀(-,0) ∈ F2,. (: (-), : (0)) ! K. (-,0)

�� DSSOLFDWLRQڥ/ : HVW GLWH OLSVFKLW]LHQQH VڥLO H[LVWH XQ U«HO SRVLWLI K WHO TXH : VRLW K�OLSVFKLW]LHQQH�

Définition 12.50 �Applications lipschitziennes�

Exemple : DSSOLFDWLRQۑ/ QRUPH HVW 1�OLSVFKLW]LHQQH� (Q HਬHW VRLW ! XQ HVSDFH YHFWRULHO QRUP«�

∀(-,0) ∈ !2, | | |- | |% − | |0 | |% | ! | |- − 0 | |%

GۑDSUªV OD GHX[LªPH LQ«JDOLW« WULDQJXODLUH�

6RLW : XQH DSSOLFDWLRQ OLSVFKLW]LHQQH� (OOH HVW XQLIRUP«PHQW FRQWLQXH �HW GRQF FRQWLQXH��

Proposition 12.51

���



Démonstration : 6L : HVW K�OLSVFKLW]LHQQH� 3RXU WRXW / > 0� RQ SHXW SUHQGUH GDQV OD G«ਭQLWLRQ GH OۑXQLIRUPH FRQWLQXLW«
I = 6

" � #

Exemple : DSSOLFDWLRQۑ/ QRUPH HVW GRQF FRQWLQXH�

/¢ HQFRUH� FH QۑHVW SDV XQH «TXLYDOHQFH� /D IRQFWLRQ - ↦→ √
- VXU [0, 1] QۑHVW SDV OLSVFKLW]LHQQH FDU

∀- > 0,
: (-) − : (0)

- − 0
=
√
-

-
=

1√
-

HW TXH
1√
-

−→
'→0+

+∞

&HSHQGDQW� HOOH HVW XQLIRUP«PHQW FRQWLQXH� HQ HਬHW SRXU WRXW / > 0� RQ SHXW SUHQGUH I = /2 SRXU REWHQLU
TXH

|- − 0 | ! I ⇒
00√- − √

0
00 ! /

(Q HਬHW �

ی VL
√
- HW

√
0 VRQW LQI«ULHXUV ¢ / FۑHVW YUDL

ی VL
√
- RX

√
0 VRQW VXS«ULHXUV ¢ / DORUV

√
- + √

0 " / HW GRQF

|
√
- − √

0 | = |- − 0 |√
- + √

0
!
/2

/
= / .

ATTENTION

HQVHPEOHۑ/ GHV DSSOLFDWLRQV OLSVFKLWL]LHQQHV GH F ⊂ ! GDQV ( HVW XQ HVSDFH YHFWRULHO�

Proposition 12.52

9RLFL XQ H[HPSOH FODVVLTXH �¢ FRQQDLWUH��

6RLW F ⊂ ! XQ HQVHPEOH QRQ YLGH� 2Q DSSHOOH GLVWDQFH ¢ F HW RQ QRWH . (.,F) OڥDSSOLFDWLRQ

. (.,F) : ! ↦→ R
- ↦→ . (-,F) = inf

(∈3
. (-,#)

Définition 12.53 �Distance à une partie�

Remarque : /D SDUWLH {. (-,#) | # ∈ F} HVW XQH SDUWLH QRQ YLGH GH R+� (OOH HVW GRQF PLQRU«H SDU 0� 'H FH IDLW HOOH DGPHW
XQH ERUQH LQI«ULHXUH TXL SHXW �RX SDV� ¬WUH DिHLQWH�
Exemple : 6RLW F =]0, 1[� . (2, ]0, 1[) = 1 PDLV LO QۑH[LVWH SDV Gۑ«O«PHQW # GH F WHO TXH . (2,#) = 1�

6RLW F ⊂ ! XQH SDUWLH QRQ YLGH� DSSOLFDWLRQۑ/ . (.,F) HVW OLSVFKLW]LHQQH FDU

∀(-,0) ∈ !2, |. (-,F) − . (0,F) | ! |- − 0 |

Proposition 12.54

Démonstration : ,O VXਯW GH YRLU TXH SRXU WRXW # ∈ F�

. (-,#) − . (-,0) ! . (0,#)

(Q XWLOLVDQW TXH . (-,F) ! . (-,#) RQ REWLHQW TXH

. (-,F) − . (-,0) ! . (0,#)

���



&HFL «WDQW YUDL SRXU WRXW # GH F�
. (-,F) − . (-,0) ! . (0,F).

2Q D GRQF . (-,F) − . (0,F) ! . (-,0)� 0DLQWHQDQW� SDU V\P«WULH�

|. (-,F) − . (0,F) | ! . (-,0)

#

Exercice : 0RQWUHU TXH {- ∈ ! | . (-,F) = 0} = F�

2.8 $SSOLFDWLRQV OLQ«DLUHV FRQWLQXHV

1RXV QRXV LQW«UHVVHURQV OD PDMRULW« GX WHPSV DX[ DSSOLFDWLRQV OLQ«DLUHV� ,O \ D DORUV XQ FULWªUH VLPSOH SRXU PRQWUHU
TXۑXQH DSSOLFDWLRQ HVW FRQWLQXH�

6RLW : XQH DSSOLFDWLRQ OLQ«DLUH GۑXQ HVSDFH YHFWRULHO QRUP« ! GDQV XQ HVSDFH YHFWRULHO QRUP« ( � /HV
DVVHUWLRQV VXLYDQWHV VRQW «TXLYDOHQWHV �

L� DSSOLFDWLRQۑ/ : HVW FRQWLQXH�

LL� DSSOLFDWLRQۑ/ : HVW FRQWLQXH HQ 0�

LLL� DSSOLFDWLRQۑ/ : HVW OLVSFKLW]LHQQH

LY� ,O H[LVWH E ∈ R WHOOH TXH
∀- ∈ !, | |: (-) | |5 ! E | |- | |%

Théorème 12.55

Remarque : (Q SUDWLTXH RQ XWLOLVH TXDVLPHQW WRXMRXUV OH FULWªUH LY� SRXU SURXYHU TXۑXQH DSSOLFDWLRQ OLQ«DLUH HVW �RX
QۑHVW SDV FRQWLQXH��
Démonstration :

ی L� ⇒ LL� HVW «YLGHQWH�

ی LLL� ⇒ L� HVW G«M¢ YX�

ی LY� ⇒ LLL� D G«M¢ «W« YX� 5DSSHORQV OۑDUJXPHQW� 2Q VXSSRVH LY�� 3RXU WRXW (-,0) ∈ !2�

| |: (-) − : (0) | |5 = | |: (- − 0) | |5 ! E | |- − 0 | |% .

ی 0RQWURQV LL� ⇒ LY�� 2Q VXSSRVH GRQF TXH : HVW FRQWLQXH HQ 0� 'H FH IDLW SRXU / = 1� LO H[LVWH I WHO TXH

∀- ∈ !, | |- | |% ! I ⇒ | |: (-) | |5 ! 1

0DLQWHQDQW SRXU WRXW YHFWHXU - QRQ QXO�
- = J0

R» | |0 | |% = I� ,O VXਯW GH SUHQGUH J = | |' | |!
= HW 0 = I '

| |' | |! � 3DU OLQ«DULW«� RQ HQ G«GXLW TXH

| |: (-) | |5 = |J | | |: (0) | |5 ! |J | = E | |- | |%

HQ SRVDQW E =
1
I
�

#

Notation : 2Q QRWH L> (!, ( ) OۑHQVHPEOH GHV DSSOLFDWLRQV OLQ«DLUHV FRQWLQXHV GH ! GDQV ( �
Remarque : 'DQV OH FDV R» : HVW XQH DSSOLFDWLRQ OLQ«DLUH FRQWLQXH� RQ D GRQF

∀- ∈ !, | |: (-) | |5 ! E | |- | |% .

&HOD UHYLHQW ¢ GLUH TXH OۑHQVHPEOH
{ | |: (-) | |5

| |- | |%
| - ∈ \{0}

}
HVW PDMRU« SDU E � 2Q HVVD\HUD VRXYHQW GH WURXYHU OH PHLOOHXU

PDMRUDQW ¢ VDYRLU

sup
' ∈%\{0}

| |: (-) | |5
| |- | |%

.

2Q OH QRWHUD | | |: | | |�

���



6RLW !, ( HWB WURLV HVSDFHV YHFWRULHOV QRUP«V� 2Q QRWH | |.| |%, | |.| |5 HW | |.| |7 OHXU QRUPH HW RQ FRQVLGªUH OD QRUPH
SURGXLW SRXU ! × ( � 6RLW % : ! × ( → B XQH DSSOLFDWLRQ ELOLQ«DLUH� (OOH HVW FRQWLQXH VL HW VHXOHPHQW VL

∃E ∈ R,∀(-,0) ∈ ! × ( , | |%(-,0) | |7 ! E | |- | |% | |0 | |5

Proposition 12.56

Démonstration :
ی 2Q VXSSRVH OD FRQGLWLRQ� 0RQWURQV TXH % HVW FRQWLQXH SRXU OD QRUPH SURGXLW | | (-,0) | | = Max( | |- | |, | |0 | |)� (Q HਬHW

VRLW (G!) XQH VXLWH WHQGDQW YHUV (-,0)� 2Q SRVH G! = (-!,0!)� 2Q D DORUV (-!) → - FDU | |-! − - | |% ! | |G! − (-,0) | |�
'H P¬PH� (0!) → 0� 2Q D DORUV

| |%(-!,0!) − %(-,0) | | = | |%(-!,0!) − %(-,0!) + %(-,0!) − %(-,0) | |
! | |%(-! − -,0!) | | + | |%(-,0! − 0) | |
! E | |-! − - | |%L ′ +E | |0! − 0 | |5 | |- | |%

R» L ′ HVW XQ PDMRUDQW GH | |0! | |5 �OD VXLWH FRQYHUJHDQW HOOH HVW ERUQ«H�� 2Q D ELHQ %(-!,0!) → %(-,0) GRQF� SDU
FDUDFW«ULVDWLRQ V«TXHQWLHOOH� % HVW FRQWLQXH�

ی 2Q VXSSRVH PDLQWHQDQW TXH % HVW FRQWLQXH� (Q SDUWLFXOLHU� HOOH HVW FRQWLQXH HQ 0� 'RQF LO H[LVWH I WHO TXH | | (-,0) | | =
Max(| |- | |, | |0 | |) ! I LPSOLTXH | |%(-,0) | | ! 1� 'ªV ORUV SRXU WRXW (-,0) ∈ ! × ( DYHF - ≠ 0 HW 0 ≠ 0�

%(-,0) = | |- | |.| |0 | |
I2

%

(
I
-

| |- | | ,I
0

| |0 | |

)
!

| |- | |.| |0 | |
I2

.

#

Remarque : &H U«VXOWDW VH J«Q«UDOLVH DX[ DSSOLFDWLRQV PXOWLOLQ«DLUHV GH PDQLªUH LPP«GLDWH�

3 3DUWLHV FRPSDFWHV GنXQ HVSDFH YHFWRULHO QRUP«

3.1 '«ࣼQWLRQ

&HUWDLQV WK«RUªPHV GۑDQDO\VH QH VRQW YUDLV TXH VXU GHV VHJPHQWV � WK«RUªPH GH %RO]DQR�:HLHUVWUDVV� WRXWH IRQFWLRQ
FRQWLQXH VXU XQ VHJPHQW HVW ERUQ«H HW DिHLQW VHV ERUQHV� /H EXW GH FH FKDSLWUH HVW GH J«Q«UDOLVHU FHOD D GHV SDUWLHV GۑXQ
HVSDFH YHFWRULHO QRUP«�

6RLW F XQH SDUWLH GڥXQ HVSDFH YHFWRULHO QRUP« !� 2Q GLW TXH FڥHVW XQ FRPSDFW �RX TXH FڥHVW XQH SDUWLH FRPSDFWH�
VL RQ SHXW H[WUDLUH GH WRXWH VXLWH GH F XQH VRXV�VXLWH FRQYHUJHQWH GDQV F�

Définition 12.57

Remarques :
1. ,O HVW LPSRUWDQW TXH OD OLPLWH GH OD VXLWH VRLW GDQV F�

2. &HिH G«ਭQLWLRQ VۑDSSHOOH SURSUL«W« GH %RO]DQR�:HLHUVWUDVV� ,O H[LVWH XQH DXWUH G«ਭQLWLRQ SURSUL«W« GH %RUHO�/HEHVJXH
TXL QۑHVW SDV DX SURJUDPPH�

3. 2Q SHXW DXVVL GLUH � m WRXWH VXLWH D XQH YDOHXU GۑDGK«UHQFH }�

4. /D G«ਭQLWLRQ GH FRPSDFW HVW DEVROXH� ,O Qۑ\ D SDV GH QRWLRQ GH FRPSDFW UHODWLI ¢ & �

Exemples :
1. 'DQV R� OHV VHJPHQWV [#,+] VRQW GHV FRPSDFWV� (Q HਬHW VL (=!) HVW XQH VXLWH ¢ YDOHXUV GDQV [#,+] HOOH HVW ERUQ«H

GRQF� GۑDSUªV OH WK«RUªPH GH %RO]DQR�:HLHUVWUDVV� RQ SHXW H[WUDLUH XQH VRXV�VXLWH (=? (!) ) FRQYHUJHQWH GH (=!)�
'H SOXV� FRPPH ∀* ∈ N,# ! =! ! + DORUV FۑHVW HQFRUH YUDL SRXU (=? (!) ) HW GRQF OD OLPLWH GH OD VXLWH H[WUDLWH HVW
ELHQ GDQV [#,+]�

2. /HV VHJPHQWV QH VRQW SDV OHV VHXOV FRPSDFWV� ,O \ D DXVVL ∅ RX XQH XQLRQ GۑXQ QRPEUH ਭQL GH VHJPHQWV
Exercices :

1. 0RQWUHU TXۑXQH LQWHUVHFWLRQ GH SDUWLHV FRPSDFWHV HVW FRPSDFWH

2. 0RQWUHU TXۑXQH U«XQLRQ ਭQLH GH SDUWLHV FRPSDFWHV HVW FRPSDFWH� (VW�FH YUDL SRXU XQH U«XQLRQ LQਭQLH"
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3. 0RQWUHU TXH OۑHQVHPEOH GHV PDWULFHV VWRFKDVWLTXHV HVW FRPSDFWH�

/D FDUDFWªUH FRPSDFW QH FKDQJH SDV VL RQ UHPSODFH OD QRUPH GH ! SDU XQH QRUPH «TXLYDOHQWH�

Proposition 12.58

Démonstration : ,O VXਯW GH YRLU TXH OۑRQ QH PRGLਭH SDV OD FRQYHUJHQFH GHV VXLWHV� #

6RLW F XQH SDUWLH FRPSDFWH GH !� (OOH HVW IHUP«H HVW ERUQ«H�

Proposition 12.59

Démonstration :
ی 2Q FRPPHQFH SDU PRQWUHU TXH F HVW IHUP«H� 2Q XWLOLVH OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH� ,O VXਯW GRQF GH PRQWUHU

TXH WRXWH VXLWH GH F FRQYHUJHQWH �GDQV !� FRQYHUJH GDQV F� (Q HਬHW VRLW (=!) XQH VXLWH FRQYHUJHQWH YHUV ℓ ∈ !�
DSUªVۑ' OD G«ਭQLWLRQ� LO H[LVWH XQH VXLWH H[WUDLWH TXL FRQYHUJH GDQV F� 0DLQWHQDQW� RQ VDLW TXۑXQH VXLWH H[WUDLWH
GۑXQH VXLWH FRQYHUJHQWH FRQYHUJH YHUV OD OLPLWH GH OD VXLWH LQLWLDOH GRQF ℓ ∈ F�

ی 0RQWURQV PDLQWHQDQW TXH F HVW ERUQ«H� 2Q SURFªGH SDU OۑDEVXUGH� 6L F QۑHVW SDV ERUQ«H� DORUV HOOH QۑHVW LQFOXV
GDQV DXFXQH ERXOH� HQ SDUWLFXOLHU�

∀* ∈ N, ∃-! ∈ F, | |-! − 0| | " *.
2Q HQ G«GXLW TXH WRXWH VXLWH H[WUDLWH GH OD VXLWH (-!) QۑHVW SDV ERUQ«H GRQF SDV FRQYHUJHQWH�

#

'DQV OH FDV J«Q«UDO FH QۑHVW SDV XQH «TXLYDOHQFH� 3RXU ! = K[& ] DYHF OD QRUPH LQਭQLH� /D ERXOH XQLW«
IHUP«H %(0, 1) HVW ERUQ«H HW IHUP«H� 0DLV HOOH QۑHVW SDV FRPSDFWH� (Q HਬHW� VL RQ SRVH =! = &! � RQ QH SHXW
SDV H[WUDLUH XQH VRXV�VXLWH FRQYHUJHQWH FDU ∀(*,4) ∈ N2,* ≠ 4 ⇒ . (&!,&@) = 1� &HिH SURSUL«W« UHVWH
YUDLH SRXU WRXWH VXLWH H[WUDLWH�

ATTENTION

6RLW F XQH SDUWLH FRPSDFWH GH !� 8QH SDUWLH % GH F HVW FRPSDFWH VL HW VHXOHPHQW VL HOOH HVW IHUP«H �GDQV F��

Proposition 12.60

Démonstration :
ی ⇒ 2Q VXSSRVH TXH % HVW FRPSDFWH� (OOH HVW GRQF IHUP«H �GDQV !� HW GRQF IHUP« GDQV F�

ی ⇐ 2Q VXSSRVH TXH % HVW XQ IHUP« UHODWLI GHF� 7RXWH VXLWH (=!) Gۑ«O«PHQWV GH % HVW XQH VXLWH Gۑ«O«PHQWV GHF� (Q
SDUWLFXOLHU� RQ SHXW HQ H[WUDLUH XQH VRXV�VXLWH (=? (!) ) TXL FRQYHUJH �GDQV F�� 0DLQWHQDQW� FRPPH % HVW XQ IHUP«
UHODWLI� OD VXLWH (=? (!) ) TXL HVW XQH VXLWH Gۑ«O«PHQWV GH % TXL FRQYHUJH GDQV F D VD OLPLWH GDQV %� 2Q D ELHQ PRQWU«
TXH % «WDLW FRPSDFWH�

#

6RLW F XQH SDUWLH FRPSDFWH GH ! HW (=!) XQH VXLWH GH F� (OOH HVW FRQYHUJHQWH VL HW VHXOHPHQW VL HOOH D XQH
XQLTXH YDOHXU GۑDGK«UHQFH�

Proposition 12.61

Démonstration :
ی ⇒ '«M¢ YX� 8QH VXLWH FRQYHUJHQWH D XQH XQLTXH YDOHXU GۑDGK«UHQFH � VD OLPLWH�
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ی ⇐ 3URF«GRQV SDU FRQWUDSRV«H� 0RQWURQV TXH VL (=!) QH FRQYHUJH SDV DORUV HOOH D SOXVLHXUV YDOHXUV GۑDGK«UHQFH
�FDU HOOH QH SHXW SDV HQ DYRLU DXFXQH � SDU G«ਭQLWLRQ WRXWH VXLWH GDQV XQ FRPSDFW D DX PRLQV XQH YDOHXU GۑDGK«�
UHQFH�� 1RWRQV ℓ1 XQH YDOHXU GۑDGK«UHQFH GH (=!) �TXL H[LVWH FDU F HVW FRPSDFWH�� 0DLQWHQDQW FRPPH (=!) QH
FRQYHUJH SDV� LO H[LVWH / WHO TXH SRXU WRXW D ∈ N� LO H[LVWH * ∈ N WHO TXH * " D HW =! ∉ %(ℓ1, /)� 2Q SHXW GRQF DLQVL
FRQVWUXLUH XQH VXLWH H[WUDLWH (=? (!) ) WHOOH TXH

∀* ∈ N,=? (!) ∉ %(ℓ1, /).

0DLQWHQDQW� FHिH VXLWH H[WUDLWH D Q«FHVVDLUHPHQW XQH YDOHXU GۑDGK«UHQFH ℓ2 TXL QH SHXW SDV ¬WUH ℓ1� $X ਭQDO� (=!)
D ELHQ DX PRLQV GHX[ YDOHXUV GۑDGK«UHQFH�

#

6RLW (!1, | |.| |1), . . . (!, , | |.| |, ) GHV HVSDFH YHFWRULHOV QRUP«V� 2Q VH GRQQH SRXU WRXW 2 ∈ [[ 1 ; 9 ]] XQH SDUWLH F#
FRPSDFWH GH !# � $ORUV F1 × · · · ×F, HVW XQH SDUWLH FRPSDFWH GH !1 × · · · × !, PXQL GH OD QRUPH SURGXLW�

Proposition 12.62

Démonstration : 6RLW (=!) XQH VXLWH ¢ YDOHXU GDQV
,∏
#=1
F# � 3RXU WRXW * ∈ N� QRWRQV =! = (=! (1), . . . ,=! (9))� 2Q SHXW

FRQVLGªUH XQH H[WUDFWULFH M1 WHOOH TXH (=?1 (!) (1)) FRQYHUJH YHUV ℓ1 FDU (=! (1)) HVW XQH VXLWH ¢ YDOHXUV GDQVF1 TXL HVW FRP�
SDFW� 0DLQWHQDQW� RQ SHXW H[WUDLUH GH (=?1 (!) (2)) XQH VXLWH (=?1◦?2 (!) (2)) TXL FRQYHUJH YHUV ℓ2� 1RWRQV TXH (=?1◦?2 (!) (1))
FRQYHUJH HQFRUH YHUV ℓ1 FRPPH VXLWH H[WUDLWH GۑXQH VXLWH FRQYHUJHQWH�

(Q FRQWLQXDQW DLQVL RQ SHXW FRQVWUXLUH GHV H[WUDFWULFH M1, . . . ,M, WHOOHV TXH� HQ SRVDQW M = M, ◦ · · · ◦ M1 RQ DLW TXH
SRXU WRXW 2 ∈ [[ 1 ; 9 ]]� (=? (!) (2)) FRQYHUJH YHUV ℓ# �

'H SDU OD G«ਭQWLRQ GH OD QRUPH SURGXLW� OD VXLWH (=? (!) ) FRQYHUJH YHUV ℓ = (ℓ1, . . . , ℓ, )� #

3.2 $SSOLFDWLRQV FRQWLQXHV VXU XQH SDUWLH FRPSDFWH

2Q D G«ਭQL OHV SDUWLHV FRPSDFWHV FRPPH FHOOHV TXL Y«ULਭHQW OD SURSUL«W« GH %RO]DQR�:HLHUVWUDVV� 2Q YRXODLW DXVVL
J«Q«UDOLVHU OD IDLW TXۑXQH IRQFWLRQ FRQWLQXH VXU XQ VHJPHQW HVW ERUQ«H HW DिHLQW VHV ERUQHV�

6RLW ! HW ( GHV HVSDFHV YHFWRULHOV QRUP«HV� 6RLWF XQH SDUWLH GH ! HW : XQH DSSOLFDWLRQ FRQWLQXH GHF GDQV ( �
6RLW % XQH SDUWLH FRPSDFWH GH F DORUV : (%) HVW FRPSDFWH�

Théorème 12.63

Remarque : 2Q GLW m OۑLPDJH GۑXQ FRPSDFW SDU XQH DSSOLFDWLRQ FRQWLQXH HVW FRPSDFW }
Démonstration : 6RLW (0!) XQH VXLWH GH : (%)� 3DU G«ਭQLWLRQ� LO H[LVWH XQH VXLWH (-!) GH % WHOOH TXH ∀* ∈ N,0! = : (-!)�
,O VXਯW HQ HਬHW GH m FKRVLU } XQ DQW«F«GHQW SDU FKDTXH 0! � 0DLQWHQDQW� FRPPH (-!) HVW XQH VXLWH GH % TXL HVW FRPSDFW�
LO H[LVWH XQH H[WUDFWULFH M WHOOH TXH (-? (!) ) FRQYHUJH� 1RWRQV ℓ VD OLPLWH� &RPPH : HVW FRQWLQXH (0? (!) ) FRQYHUJH YHUV
: (ℓ)� &HOD SURXYH ELHQ TXH : (%) HVW FRPSDFWH� #

1H SDV FRQIRQGUH OH IDLW TXH OۑLPDJH GLUHFWH GۑXQ FRPSDFW SDU XQH DSSOLFDWLRQ FRQWLQXH HVW FRPSDFW DYHF OH
IDLW TXH OۑLPDJH U«FLSURTXH GۑXQ IHUP« � RXYHUW SDU XQH DSSOLFDWLRQ FRQWLQXH HVW IHUP« � RXYHUW�

ATTENTION

1RXV SRXYRQV DORUV UHWURXYHU OH WK«RUªPH YX HQ SUHPLªUH DQQ«H�

6RLW : XQH DSSOLFDWLRQ FRQWLQXH GH F ⊂ ! GDQV R� 2Q VXSSRVH TXH F HVW FRPSDFW HW QRQ YLGH DORUV : (F) HVW
ERUQ«H HW OHV ERUQHV VRQW DिHLQWHV�

Corollaire 12.64 �Théorème des bornes atteintes�
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Démonstration : 2Q VDLW TXH : (F) HVW XQ FRPSDFW GH R� ,O HVW GRQF ERUQ« HW IHUP«� 2Q SHXW GRQF SRVHU3 = sup : (F)
VD ERUQH VXS«ULHXUH� 3DU G«ਭQLWLRQ� RQ SHXW WURXYHU XQH VXLWH (G!) Gۑ«O«PHQWV GH : (F) TXL WHQGHQW YHUV3 FDU SRXU WRXW
/ = 1

!+1 LO H[LVWH G! ∈ : (F) WHO TXH3 − / ! G! ! 3 . 0DLV FRPPH : (F) HVW IHUP«�3 = lim(G!) DSSDUWLHQW ¢ : (F)�
2Q SHXW IDLUH GH P¬PH SRXU OD ERUQH LQI«ULHXUH� #

Remarque : ोDQG RQ FRQVLGªUH XQH DSSOLFDWLRQ GۑXQH SDUWLH FRPSDFWH F HW XQH DSSOLFDWLRQ FRQWLQXH : GH F GDQV XQ
HVSDFH YHFWRULHO QRUP« (( , | |.| |5 ) RQ SHXW DSSOLTXHU FH WK«RUªPH ¢

| |: | |5 : F → R
- ↦→ | |: (-) | |5

(Q HਬHW | |: | |5 HVW FRQWLQXH HQ WDQW TXH FRPSRV«H GH GHX[ DSSOLFDWLRQV FRQWLQXHV�
Exercice : 6RLW L XQH SDUWLH FRPSDFWH� 0RQWUHU TXH SRXU WRXW «O«PHQW - GH !� LO H[LVWH XQ «O«PHQW G ∈ L WHO TXH
. (-,L) = | |- − G | |�
Exemple : HVWۑ& XQH GHV «WDSHV TXL SHUPHW GH G«PRQWUHU OH WK«RUªPH GH OHPEHUW�*DXVV$ۑ' � 6XSSRVRQV SDU OۑDEVXUGH
TXۑLO H[LVWH XQ SRO\Q¶PH ' ∈ C[& ] QRQ FRQVWDQW TXL QH VۑDQQXOH SDV� 2Q FRQVLGªUH DORUV

: : C → R

N ↦→ 1
|' (N) |

,O HVW FODLU TXH VL lim
|A |→∞

: (N) = 0� (Q HਬHW |' (N) | ∼ |#& | |N |& R» . HVW GH GHJU« GH ' �
&HOD VLJQLਭH TXH VL RQ FRQVLGªUH N0 ∈ C� LO H[LVWH O ∈ R+ WHO TXH

∀N ∈ C, |N | > O ⇒ : (N) ! : (N0)

2Q HQ G«GXLW TXH SRXU FKHUFKHU OH PD[LPXP GH OD IRQFWLRQ RQ SHXW VH UHVWUHLQGUH DX FRPSDFW %(0,O)�
)LQDOHPHQW� OD IRQFWLRQ : HVW PDMRU«H HW DिHLQW VRQ PD[LPXP� ,O H[LVWH GRQF XQ QRPEUH FRPSOH[H G WHO TXH

∀N ∈ C, : (N) ! : (G)

HVW�¢�GLUHۑ&
∀N ∈ C, |' (N) | " |' (G) |.

,O QH UHVWH SOXV TXۑ¢ WURXYHU OD FRQWUDGLFWLRQ۞�
2Q SHXW DXVVL UHIRUPXOHU OH WK«RUªPH GH +HLQH

6RLW F XQH SDUWLH FRPSDFWH GH !� 7RXWH DSSOLFDWLRQ FRQWLQXH : GH F GDQV ( HVW XQLIRUP«PHQW FRQWLQXH�

Théorème 12.65 �Théorème de Heine�

Démonstration : ,O VXਯW GH UHFRSLHU OD G«PRQVWUDWLRQ GX FRXUV GH SUHPLªUH DQQ«H� 2Q VXSSRVH SDU OۑDEVXUGH TXۑLO
H[LVWH XQH IRQFWLRQ : GH F GDQV ( TXL VRLW FRQWLQXH PDLV SDV XQLIRUP«PHQW FRQWLQXH� 'H FH IDLW� LO H[LVWH / > 0 WHO TXH

SRXU WRXW I > 0� LO H[LVWH (-,0) ∈ F2 WHOV TXH . (-,0) ! I HW . (: (-), : (0)) > / (Q SDUWLFXOLHU HQ SUHQDQW I =
1

* + 1
RQ

SHXW FRQVWUXLUH GHX[ VXLWHV (-!) HW (0!) WHOOHV TXH

∀* ∈ N,. (-!,0!) !
1

* + 1
HW . (: (-!), : (0!)) > / .

2Q SHXW DORUV U«DOLVHU XQH GRXEOH H[WUDFWLRQ DYHF GH FRQVWUXLUH M WHOOH TXH (-? (!) ) HW (0? (!) ) FRQYHUJHQW� (Q QRWDQW ℓ'
HW ℓB OHV OLPLWHV HW SDVVDQW ¢ OD OLPLWH GDQV

. (-? (!) ,0? (!) ) !
1

M (*) + 1

RQ REWLHQW TXH ℓ' = ℓB � (Q XWLOLVDQW DORUV OD FRQWLQXLW« GH : RQ REWLHQW TXH (: (-? (!) )) HW (: (0? (!) )) FRQYHUJHQW WRXWHV OHV
GHX[ YHUV : (ℓ' ) = : (ℓB)� &H TXL HVW DEVXUGH FDU ∀* ∈ N,. (: (-? (!) , : (0? (!) )) > /� #

Exemple : 2Q D PRQWU« SU«F«GHPPHQW TXH - ↦→ √
- «WDLW XQLIRUP«PHQW FRQWLQXH VXU [0, 1]� &HOD G«FRXOH GLUHFWHPHQW

GH FH WK«RUªPH�
Exercice : 0RQWUHU TXH - ↦→ √

- HVW XQLIRUP«PHQW FRQWLQXH VXU R+�

4 (VSDFHV YHFWRULHOV GH GLPHQVLRQ ࣼQLH
1RXV DOORQV «WXGLHU SOXV SDUWLFXOLªUHPHQW OHV QRWLRQV WRSRORJLTXHV «WXGL«HV SU«F«GHPPHQW GDQV OH FDV GHV HVSDFHV

YHFWRULHOV GH GLPHQVLRQ ਭQLH�
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4.1 (TXLYDOHQFH GHV QRUPHV

&RPPHQ©RQV SDU XQ OHPPH

6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� 6RLW B = (81, . . . , 8!) XQH EDVH GH !� RQ QRWH | |.| |∞ OD QRUPH
LQਭQLH UHODWLYH ¢ FHिH EDVH�
/D ERXOH XQLW« IHUP«H %∞ (0, 1) HVW FRPSDFWH SRXU OD QRUPH | |.| |∞�

Lemme 12.66

Démonstration : 1RWRQV P OD ERXOH XQLW« IHUP«H GH K� FۑHVW�¢�GLUH TXH P = [−1, 1] VL K = R HW P = {N ∈ C , | |N | ! 1}
VL K = C�

5HJDUGRQV OD ERXOH XQLW« IHUP«H

%∞ (0, 1) = {- ∈ ! | | |- | |∞ ! 1} = {J181 + · · · + J!8! | (J1, . . . , J!) ∈ P!}.

2Q FRQVLGªUH OۑDSSOLFDWLRQ
Φ : (K!, | |.| |∞) → (!, | |.| |∞)

(-1, . . . , -!) ↦→ -181 + · · · + -!8!
HVWۑ& XQH DSSOLFDWLRQ OLQ«DLUH FRQWLQXH �FDU HOOH HVW 1�OLSVFKL]LHQQH� HW %∞ (0, 1) = Φ(P!)�

2Q VDLW TXH P HVW XQ FRPSDFW GH K HW GRQF P! HVW XQ FRPSDFW FRPPH SURGXLW ਭQL GH FRPSDFW�
2Q HQ G«GXLW TXH %∞ (0, 1) = Φ(P!) HVW FRPSDFW FRPPH LPDJH GۑXQ FRPSDFW SDU XQH DSSOLFDWLRQ FRQWLQXH� #

6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� 7RXWHV OHV QRUPHV VXU ! VRQW «TXLYDOHQWHV�

Théorème 12.67

Démonstration : (Non exigible) 2Q VH ਭ[H XQH EDVH B GH ! HW RQ QRWH HQFRUH | |.| |∞ OD QRUPH LQਭQLH DVVRFL«H ¢ FHिH
EDVH�

2Q FRQVLGªUH XQH QRUPH | |.| | VXU !� 2Q YD PRQWUHU TXHOOH HVW «TXLYDOHQWH ¢ | |.| |∞� 3DU WUDQVLWLYLW« RQ DXUD DORUV REWHQX
TXH WRXWHV OHV QRUPHV VRQW «TXLYDOHQWHV�

&RPPHQ©RQV SDU PRQWUHU TXH | |.| | : (!, | |.| |∞) → R HVW FRQWLQXH ��

3RXU WRXW - ∈ !� RQ OH G«FRPSRVH HQ - =
!∑
#=1

-#8# HW RQ D

| |- | | !
!∑
#=1

|-# | | |8# | | ! *E | |- | |∞

R» E = Max(| |81 | |, . . . , | |8! | |)�
3RXU (-,0) GDQV ! RQ D GRQF 00| |- | | − | |0 | |

00 ! | |- − 0 | | ! *E | |- − 0 | |∞
FH TXL SURXYH ELHQ TXH | |.| | : (!, | |.| |∞) → R HVW 1�OLSVFKLW]LHQQH GRQF FRQWLQXH�

'H SOXV� SRXU | |.| |∞� OD VSKªUH XQLW« 7∞ (0, 1) ⊂ %∞ (0, 1) HVW XQ IHUP« GۑXQH SDUWLH FRPSDFWH �GۑDSUªV OH OHPPH
SU«F«GHQW� FۑHVW GRQF DXVVL XQ FRPSDFW�

2Q HQ G«GXLW TXH | |.| | HVW ERUQ«H HW DिHLQW VHV ERUQHV VXU 7∞ (0, 1)� ,O H[LVWH GRQF G HW Q WHOV TXH

∀- ∈ 7∞ (0, 1), Q ! | |- | | ! G .

1RWRQV TXH FRPPH OD YDOHXU PLQLPDOH HVW DिHLQWH HW TXH 0 ∉ 7∞ (0, 1)� Q > 0� 0DLQWHQDQW SRXU WRXW - ∈ ! DYHF - ≠ 0�
-

| |- | |∞
∈ 7∞ (0, 1) HW GRQF

Q !
0000
0000 -

| |- | |∞

0000
0000 ! G ⇒ Q | |- | |∞ ! | |- | | ! G | |- | |∞.

/HV QRUPHV VRQW ELHQ «TXLYDOHQWHV FDU

∀- ∈ !, | |- | | ! G | |- | |∞ HW | |- | |∞ !
1
Q
| |- | |.

�� )DLUH DिHQWLRQ TXH FH QۑHVW SDV «YLGHQW � LO HVW «YLGHQW TXH | |. | | : (%, | |. | |) → R PDLV FH QۑHVW SOXV OH FDV TXDQG OD QRUPH GH OۑHVSDFH GH G«SDUW
QۑHVW SOXV | |. | |�

���



#

Remarque : 'DQV OH FDV GH Oۑ«WXGH WRSRORJLTXH GۑXQ HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� LO QۑHVW SDV Q«FHVVDLUH GH
SU«FLVHU OD QRUPH XWLOLV«H� (Q HਬHW HQ PRGLਭDQW XQH QRUPH SDV XQH DXWUH TXL OXL VHUD «TXLYDOHQWH RQ QH PRGLਭH SDV �

ی /D FRQYHUJHQFH GHV VXLWHV

ی /H FDUDFWªUH RXYHUW HW GRQF OۑLQW«ULHXU

ی /H FDUDFWªUH IHUP« HW GRQF OۑDGK«UHQFH

ی /H FDUDFWªUH FRPSDFW

ی /D FRQWLQXLW« GHV IRQFWLRQV�

4.2 7RSRORJLH GHV HVSDFHV YHFWRULHOV GH GLPHQVLRQ ࣼQLH

1RXV DOORQV YRLU FHUWDLQHV SURSUL«W«V WRSRORJLTXHV TXL QH VRQW YUDLHV TXH SRXU OHV HVSDFHV YHFWRULHOV GH GLPHQVLRQ
ਭQLH� 'DQV WRXW FH SDUDJUDSKH� ! HVW XQ HVSDFH YHFWRULHO QRUP« GH GLPHQVLRQ ਭQLH� 2Q QRWH | |.| | VD QRUPH�

b8QH SDUWLH F GH ! HVW FRPSDFWH VL HW VHXOHPHQW VL HOOH HVW IHUP«H HW ERUQ«H�

Proposition 12.68

Démonstration : 2Q D G«M¢ YX TXH OHV SDUWLHV FRPSDFWHV «WDLHQW IHUP«HV HW ERUQ«HV� 0RQWURQV OۑLPSOLFDWLRQ LQYHUVH�
6RLWF XQH SDUWLH ERUQ«H� ,O H[LVWH GRQF O > 0 WHO TXHF ⊂ %(0,O)� 2Q RQ D YX TXH OD ERXOH XQLW« IHUP«H «WDLW FRPSDFWH

SRXU XQH QRUPH LQਭQLH� /D P¬PH SUHXYH PRQWUH TXH %∞ (0,O) HVW DXVVL FRPSDFWH� HVWۑ& GRQF DXVVL YUDL SRXU OD QRUPH
| |.| |

2Q HQ G«GXLW TXH F HVW XQ IHUP« GۑXQ FRPSDFW� HVWۑ& GRQF ELHQ XQ FRPSDFW� #

Exemple : /HV ERXOHV IHUP«HV HW OHV VSKªUHV VRQW FRPSDFWHV� 5DSSHORQV TXH FH U«VXOWDW QۑHVW SOXV YUDL HQ GLPHQVLRQ
LQਭQLH�

6RLW (=!) XQH VXLWH GH ! ERUQ«H�
�� (OOH DGPHW XQH VRXV�VXLWH FRQYHUJHQWH�

�� (OOH FRQYHUJH VL HW VHXOHPHQW VL HOOH D XQH XQLTXH YDOHXU GۑDGK«UHQFH�

Corollaire 12.69

Démonstration : ,O VXਯW GۑXWLOLVHU TXH (=!) HVW XQH VXLWH ¢ YDOHXUV GDQV OH FRPSDFW %(0,O) R» ∀* ∈ N, | |=! | | ! O� #

Rappel /HV VRXV�HVSDFHV YHFWRULHOV VRQW GHV IHUP«V �PDLV FH QH VRQW SDV GHV FRPSDFWV VDXI VۑLOV VRQW U«GXLWV ¢ {0}�
Exemple : HQVHPEOHۑ/ GHV PDWULFHV GH WUDFH QXOOH HVW IHUP«�

4.3 $SSOLFDWLRQV FRQWLQXHV

6RLW : XQH DSSOLFDWLRQ OLQ«DLUH GH ! GDQV ( � 6L ! HVW GH GLPHQVLRQ ਭQLH DORUV : HVW FRQWLQXH�

Théorème 12.70

&HOD QۑHVW YUDL TXH VL : HVW OLQ«DLUH�

ATTENTION

Démonstration : 2Q FRQVLGªUH HQFRUH OD QRUPH LQਭQLH DVVRFL«H ¢ XQH EDVH B = (81, . . . , 8!)� (Q HਬHW� VL RQ QRWH
E = Max

1!#!!
| |: (8# ) | |5 DORUV SRXU WRXW - =

∑
J#8# GH !

| |: (-) | |5 !
!∑
#=1

| |J# : (8# ) | |5 ! *E | |- | |∞.

DSSOLFDWLRQۑ/ : HVW GRQF FRQWLQXH� #

Exemples :

���



1. 'DQV ! = M! (K)� 3RXU WRXWH PDWULFH ' ∈ GL! (K)� OۑDSSOLFDWLRQ Φ : 3 ↦→ '−13' HVW OLQ«DLUH GRQF FRQWLQXH�
2Q HQ G«GXLW TXH VL (F!) → F DORUV VL RQ SRVH %! = '−1F!' � OD VXLWH (%!) FRQYHUJH YHUV '−1F' �

2. 2Q SHXW UHWURXYHU TXH OHV VRXV�HVSDFHV YHFWRULHOV VRQW IHUP«V� (Q HਬHW� VRLW ( XQ VRXV�HVSDFH YHFWRULHO HW B XQ
VXSSO«PHQWDLUH� 2Q FRQVLGªUH OD SURMHFWLRQ A VXU B SDUDOOªOHPHQW ¢ ( � HVWۑ& XQH DSSOLFDWLRQ OLQ«DLUH TXL HVW GRQF
FRQWLQXH� 0DLQWHQDQW ( = kerA = A−1 ({0}) HVW GRQF OۑLPDJH U«FLSURTXH GۑXQ IHUP«� HVWۑ& GRQF XQ IHUP«�

3. 2Q UHWURXYH TXH OHV SURMHFWLRQV 8∗# VRQW FRQWLQXHV�

5HJDUGRQV OH FDV GHV DSSOLFDWLRQV PXOWLOLQ«DLUHV�

6RLW !1, . . . , !, GHV HVSDFHV YHFWRULHOV QRUP«V GH GLPHQVLRQ टQLH� 2Q DSSHOOH DSSOLFDWLRQPXOWLOLQ«DLUH XQH DSSOLFD�

WLRQ Φ GH
!∏
#=1

!# GDQV ( WHOOH TXH SRXU WRXW 2 ∈ [[ 1 ; * ]] HW WRXW -1 ∈ !1, . . . , -#−1 ∈ !#−1, -#+1 ∈ !#+1, . . . , -! ∈ !!

OڥDSSOLFDWLRQ
Φ(-1, . . . , -#−1, •, -#+1, -!) : !# → (

- ↦→ Φ(-1, . . . , -#−1, -, -#+1, -!)
HVW OLQ«DLUH�

Définition 12.71

Exemples :
1. 3RXU !1 = !2 = M! (K) RQ D OH SURGXLW Φ(F,%) = F%
2. 6RLW ! XQ HVSDFH SU«KLOEHUWLHQ U«HO� OH SURGXLW VFDODLUH (•, •) : ! × ! → R HVW ELOLQ«DLUH�

3. 6RLW ! GH GLPHQVLRQ *� OH G«WHUPLQDQW HVW *�OLQ«DLUH�

6RLW Φ HVW XQ DSSOLFDWLRQ PXOWLOLQ«DLUH� LO H[LVWH XQH FRQVWDQWHE WHOOH TXH

∀(-1, . . . , -!), | |Φ(-1, . . . , -!) | | ! E
!∏
#=1

| |-# | |.

(Q SDUWLFXOLHU� Φ HVW FRQWLQXH�

Proposition 12.72

Démonstration : /D G«PRQVWUDWLRQ HVW VLPLODLUH ¢ OD SU«F«GHQWH� 7UDLWRQV OH FDV GHV DSSOLFDWLRQV ELOLQ«DLUHV� 2Q VH
GRQQH (81, . . . , 8!) HW (:1, . . . , :, ) GHV EDVHV GH !1 HW GH !2� 2Q VDLW DORUV TXH SRXU WRXW (-,0) ∈ !1 × !2 RQ D

Φ(-,0) =
!∑
#=1

,∑
.=1

J#R .Φ(8# , :. )

R» J# = 8∗# (-) HW R . = : ∗. (0)� (Q SDUWLFXOLHU� VL RQ QRWH E = Max
1!#!!
1! .!,

| |Φ(8# , :. ) | |5 DORUV

Φ(-,0) ! *9E | |- | | | |0 | | = L | |- | | | |0 | |.

/H U«VXOWDW G«FRXOH DORUV GH OD FDUDFW«ULVDWLRQ GH OD FRQWLQXLW« GHV DSSOLFDWLRQV PXOWLOLQ«DLUHV� #

Exemples :
1. /HV H[HPSOHV SU«F«GHQWV�

2. DSSOLFDWLRQۑ/ Gۑ«YDOXDWLRQ
L (!, ( ) × ! → (

(=, -) ↦→ = (-)
HVW FRQWLQXH

3. 6RLW B XQH EDVH GH !� detB : !! → K HVW FRQWLQXH FDU PXOWLOLQ«DLUH�

���



5 6«ULHV ¢ YDOHXUV GDQV XQ HVSDFH YHFWRULHO GH GLPHQVLRQ ࣼQLH

5.1 *«Q«UDOLW«V

6RLW ! XQ HVSDFH YHFWRULHO GH GLPHQVLRQ टQLH� 6RLW (∑=!) XQH V«ULH Gڥ«O«PHQWV GH !�

�� 2Q GLW TXH OD V«ULH FRQYHUJH VL OD VXLWH GHV VRPPHV SDUWLHOOHV FRQYHUJH�

�� 2Q GLW TXH OD V«ULH FRQYHUJH DEVROXPHQW VL OD V«ULH QXP«ULTXH (∑ | |=! | |) FRQYHUJH�

Définition 12.73

Remarque : 7RXWHV OHV QRUPHV «WDQW «TXLYDOHQWH� OۑDEVROXH FRQYHUJHQFH QH G«SHQG SDV GH OD QRUPH FKRLVLH�

6RLW (∑=!) XQH V«ULH Gۑ«O«PHQWV GH ! DEVROXPHQW FRQYHUJHQWH� (OOH FRQYHUJH�

Théorème 12.74

Démonstration : 2Q FRQVLGªUH XQH V«ULH (∑=!) DEVROXPHQW FRQYHUJHQWH� 2Q VH ਭ[H XQH EDVH B = (81, . . . , 8, ) GH !�
(Q SDUWLFXOLHU� OD V«ULH

∑
| |=! | |∞ HVW FRQYHUJHQWH� &RPPH SRXU WRXW 2 ∈ [[ 1 ; 9 ]] HW WRXW *� |8∗# (=!) | ! | |=! | |∞ OHV V«ULHV∑

8∗# (=!) VRQW DEVROXPHQW FRQYHUJHQWHV GRQF FRQYHUJHQWHV� 6L RQ QRWH (7!) OD VXLWH GHV VRPPHV SDUWLHOOHV� RQ YLHQW

Gۑ«WDEOLU TXH SRXU WRXW 2 ∈ [[ 1 ; 9 ]]� 8∗# (7!) =
!∑
"=0

8∗# (=" ) FRQYHUJH GRQF (7!) FRQYHUJH� #

&H WK«RUªPH QۑHVW SDV YUDL �HQ J«Q«UDO� GDQV XQ HVSDFH YHFWRULHO QRUP« GH GLPHQVLRQ LQਭQLH� 3DU H[HPSOH

SRXU ! = K[& ] DYHF OD QRUPH LQਭQLH | |.| |∞� 2Q SRVH SRXU WRXW HQWLHU * QRQ QXO '! =
1
*2
&! � ,O HVW FODLU TXH

| |'! | |∞ = 1
!2 HW GRQF OD V«ULH

∑
!"0

| |'! | |∞ FRQYHUJH�

3DU FRQWUH OD V«ULH
∑
!"0

'! GLYHUJH� (Q HਬHW� VXSSRVRQV SDU OۑDEVXUGH TXۑHOOH FRQYHUJHDLW HW QRWRQV) OD VRPPH

GH OD V«ULH HW . = deg())� 3RXU WRXW HQWLHU D > . �

8∗&+1

(
2∑
!=1

'! −)
)
= 8∗&+1 ('&+1)

2Q HQ G«GXLW TXH 00000
00000
2∑
!=1

'! −)
00000
00000
∞
"

1
(. + 1)2

2Q D ELHQ XQH DEVXUGLW«�

ATTENTION

5.2 6«ULH J«RP«WULTXH GH PDWULFHV

2Q VH SODFH GDQV ! = M! (K)� 2Q YHXW «WXGLHU OHV V«ULHV J«RP«WULTXHV� 2Q YHXW GRQF SRXYRLU m HVWLPHU } | |F, | |

6RLW | |.| | XQH QRUPH VXU !� LO H[LVWH E WHO TXH

∀(F,%) ∈ !2, | |F% | | ! E | |F| | | |% | |.

Lemme 12.75

Remarque : &HOD VLJQLਭH TXH VXU M! (K) WRXWHV OHV QRUPHV VRQW GHV QRUPHV GۑDOJªEUHV�
Démonstration : 2Q VDLW TXH SRXU OD QRUPH LQਭQLH�

| |F% | |∞ ! * | |F| |∞ | |% | |∞

���



0DLQWHQDQW� FRPPH | |.| | HW | |.| |∞ VRQW «TXLYDOHQWHV� LO H[LVWH G HW Q WHOV TXH

∀F ∈ !, | |F| | ! G | |F| |∞ HW | |F| |∞ ! Q | |F| |

2Q HQ G«GXLW TXH
∀(F,%) ∈ !2, | |F% | | ! G | |F% | |∞ ! G* | |F| |∞ | |% | |∞ ! GQ2* | |F| | | |% | |

,O VXਯW GH SRVHU E = *GQ2�
Note : 2Q SHXW DXVVL UHPDUTXHU TXH (F,%) ↦→ F% HVW XQH DSSOLFDWLRQ ELOLQ«DLUH VXU XQ HVSDFH YHFWRULHO GH GLPHQVLRQ

ਭQLH�
#

Exercice : 6RLW F ∈ M! (K)� RQ SRVH
| | |F| | | = sup

' ∈C"\{0}

| |F& | |
| |& | | .

9«ULਭHU TXH F ↦→ | | |F| | | HVW XQH QRUPH HW TXH | | |F% | | | ! | | |F| | |.| | |% | | |.
'DQV WRXWH OD VXLWH RQ QRWHUD E XQH FRQVWDQWH U«HOOH WHOOH TXH

∀(F,%) ∈ !2, | |F% | | ! E | |F| | | |% | |.

6RLW F ∈ M! (K)� VL | |F| | <
1
E
DORUV OD V«ULH J«RP«WULTXH

(∑
F,

)
FRQYHUJH DEVROXPHQW� 'H SOXV VD VRPPH

YDXW
+∞∑
,=0

F, = (1! −F)−1

Proposition 12.76

Démonstration : 3RXU OD FRQYHUJHQFH� RQ YRLW TXH

| |F, | | ! E | |F,−1 | | | |F| | ! E2 | |F,−2 | | | |F| |2 ! · · · ! E,−1 | |F| | | |F| |,−1 = E,−1 | |F| |,

2U E,−1 | |F| |, =
1
E
(E | |F| |), GRQF VL | |F| | < 1

E
DORUV OD V«ULH

(∑ 1
E
(E | |F| |),

)
FRQYHUJH HW OD V«ULH

(∑
F,

)
FRQYHUJH

DEVROXPHQW�
3RXU OD VRPPH� ,O VXਯW GH UHPDUTXHU TXH

(1! −F)
+∞∑
,=0

F, =
+∞∑
,=0

F, −
+∞∑
,=0

F,+1 =
+∞∑
,=0

F, −
+∞∑
,=1

F, = 1! .

#

Remarques :
1. 2Q PRQWUH DLQVL TXH VLF D XQH QRUPH m SHWLWH } DORUV 1! −F HVW LQYHUVLEOH� &H QۑHVW TXۑXQH FRQGLWLRQ VXਯVDQWH� RQ

SHXW SDU H[HPSOH WURXYHU GHV PDWULFHV QLOSRWHQWHV GH WUªV JUDQGH QRUPH HW RQ D HQFRUH 1! −D LQYHUVLEOH GۑLQYHUVH
+∞∑
,=0

D , TXL FRQYHUJH FDU OD VXLWH VWDWLRQQH ¢ 0�

2. 2Q HQ G«GXLW TXۑLO H[LVWH XQH ERXOH RXYHUWH FHQWU«H HQ 1! LQFOXV GDQV OۑHQVHPEOH GHV PDWULFHV LQYHUVLEOHV �

%(1!, $) ⊂ GL! (K).

2Q SHXW UHWURXYHU TXH GL2 (K) HVW RXYHUW� (Q HਬHW VRLW F ∈ GL! (K)� HW VRLW 5 ∈ M! (K)�

F + 5 = F(1! − (−F−15 ))

6L RQ SUHQG 5 WHO TXH | |5 | | < 1
E2 | |F−1 | | DORUV

| |F−15 | | ! E | |F−1 | | | |5 | | < 1
E

(Q SDUWLFXOLHU� 12 − (−F−15 ) HVW LQYHUVLEOH HW GRQF F + 5 DXVVL� )LQDOHPHQW %(F,I) ⊂ GL! (K) R» I =
1

E2 | |F−1 | |
3. 2Q SHXW DXVVL FRQVLG«UHU OD V«ULH (∑=, ) SRXU = ∈ L (!)�

���



5.3 6«ULH H[SRQHQWLHOOH GH PDWULFHV

5HJDUGRQV PDLQWHQDQW OD V«ULH H[SRQHQWLHOOH
(∑ F,

9!

)
�

3RXU WRXWH PDWULFHF ∈ M! (K) OD V«ULH H[SRQHQWLHOOH HVW DEVROXPHQW FRQYHUJHQWH� 2Q QRWH exp(F) VD VRPPH�

Proposition 12.77

Démonstration : 6RLWF ∈ M! (K)� RQ D YX TXH SRXU WRXW HQWLHU 9 � | |F| |, ! E,−1 | |F| |, � FRPPH OD V«ULH
(∑ 1

E

(E | |F| |),
9!

)
FRQYHUJH� OD V«ULH H[SRQHQWLHOOH HVW DEVROXPHQW FRQYHUJHQWH GRQF FRQYHUJHQWH� #

Remarque : 'H P¬PH SRXU = ∈ L (!) RQ SHXW G«ਭQLU exp(=)�

6RLW F HW % GHX[ PDWULFHV WHOOHV TXH F% = %F DORUV

exp(F + %) = exp(F) exp(%).

Proposition 12.78

Démonstration : (Non exigible)
ی Première preuve �

/H U«VXOWDW G«FRXOH GHV U«VXOWDWV VXU OHV SURGXLWV GH &DXFK\ HQ OHV «WHQGDQW DX FDV GHV HVSDFHV YHFWRULHOV QRUP«V

GH GLPHQVLRQ ਭQLH � (Q HਬHW VL RQ SRVH =, =
F,

9!
HW SD =

%D

T!
DORUV

∀* ∈ N,*!>! = *!
∑
,+D=!

=,SD =
!∑
,=0

(
9

*

)
F,%!−, = (F + %)!

/D GHUQLªUH «JDOLW« G«FRXOH GX IDLW TXH F HW % FRPPXWHQW�

&RPPH RQ VDLW TXH
(∑

=,
)
HW

(∑
SD

)
VRQW DEVROXPHQW FRQYHUJHQWHV DORUV

(∑
>!

)
DXVVL HW

exp(F + %) =
+∞∑
!=0

(F + %)!
*!

=
+∞∑
!=0

>! =

( +∞∑
,=0

=,

) ( +∞∑
D=0

SD

)
= exp(F) exp(%)

ی Deuxième preuve � 2Q SRVH =, =
F,

9!
� SD =

%D

T!
HW>! = *!

∑
,+D=!

=,SD = (F + %)! �

3RXU WRXW D ∈ N�
2∑
!=0

| |>! | |
*!

=
2∑
!=0

00000
00000
∑
,+D=!

=,SD

00000
00000 !

2∑
!=0

∑
,+D=!

E | |=, | | | |SD | |. &RPPH WRXV OHV WHUPHV VRQW SRVLWLIV� OD

VRPPH VXU OH m WULDQJOH 9 + T ! D } bHVW LQI«ULHXU ¢ OD VRPPH VXU m OH FDUU« (9,T) ∈ [[ 0 ; D ]]2 } �
2∑
!=0

| |>! | | ! E
2∑
,=0

2∑
D=0

| |=, | | | |SD | | = E
(
2∑
,=0

| |=, | |
) (

2∑
D=0

| |SD | |
)
! E

( +∞∑
,=0

| |=, | |
) ( +∞∑

D=0

| |SD | |
)
.

2Q HQ G«GXLW TXH OD V«ULH
(∑

>!
)
HVW DEVROXPHQW FRQYHUJHQWH�

0DLQWHQDQW� VL RQ FDOFXOH
22∑
!=0

>! =
22∑
!=0

∑
,+D=!

=,SD .

2Q IDLW OD VRPPH VXU OH m WULDQJOH 9 + T ! 2D bTXL FRQWLHQW OH m OH FDUU« (9,T) ∈ [[ 0 ; D ]]2 } bHW GHX[ DXWUHV
PRUFHDX[� 3U«FLV«PHQW�

22∑
!=0

>! =

(
2∑
,=0

=,

) (
2∑
D=0

=D

)
+

∑
(,,D)∈E$

=,SD

IDLUH XQ GHVVLQ

���



0DLQWHQDQW�000000
000000

∑
(,,D)∈E$

=,SD

000000
000000 ! E

∑
(,,D)∈E$

| |=, | | | |SD | | ! 78
9

+∞∑
,=2+1

| |=, | |:;
<
( +∞∑
D=0

| |SD | |
)
+

( +∞∑
,=0

| |=, | |
) 78
9

+∞∑
D=2+1

| |SD | |:;
<
.

2Q HQ G«GXLW TXH lim
2→∞

∑
(,,D)∈E$

=,SD = 0 HW GRQF

exp(F + %) =
+∞∑
!=0

(F + %)!
*!

=
+∞∑
!=0

>! =

( +∞∑
,=0

=,

) ( +∞∑
D=0

SD

)
= exp(F) exp(%)

#

(Q SDUWLFXOLHU� RQ YRLW TXH 1! = exp(0) = exp(F − F) = exp(F) exp(−F) GRQF exp(F) HVW LQYHUVLEOH HW
exp(−F) = exp(F)−1�

ATTENTION

1RXV YHUURQV ORUV GX FKDSLWUH VXU OHV «TXDWLRQV GLਬ«UHQWLHOOHV OۑLQWHU¬W GH OۑH[SRQHQWLHOOH GH PDWULFH� 9R\RQV G«M¢
TXHOTXHV P«WKRGHV GH FDOFXOV�

�� 6L F HVW XQ PDWULFH GLDJRQDOH F =

788888
9

J1 0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0
0 · · · 0 J!

:;;;;;
<
. 2Q D DORUV

exp(F) =
788888
9

exp(J1) 0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0
0 · · · 0 exp(J!)

:;;;;;
<
.

�� 6RLW F ∈ M! (K) HW ' ∈ GL! (K)� 2Q SRVH % = '−1F' � 2Q D GRQF TXH SRXU WRXW 9 ∈ N� %, = '−1F,' HW GRQF

∀* ∈ N,
!∑
,=0

%,

9!
= '−1

(
!∑
,=0

F,

9!

)
' .

2Q VDLW TXH OH SURGXLW PDWULFLHO HVW FRQWLQX GRQF

exp(%) = '−1 exp(F)' .

'LW DXWUHPHQW� SRXU FDOFXOHU OۑH[SRQHQWLHOOH GۑXQH PDWULFH RQ SHXW OD m UHPSODFHU } SDU XQH PDWULFH VHPEODEOH
SXLV IDLUH OH FKDQJHPHQW GH EDVHV�

Exercice : &DOFXOHU exp(F) SRXU F = 78
9
−1 1 1
1 −1 1
1 1 −1

:;
<
� 2Q SHXW H[SULPHU F HQ IRQFWLRQ GH 1 HW GH 3 =

78
9
1 1 1
1 1 1
1 1 1

:;
<
�

�� 'H P¬PH VL F HVW GLDJRQDOH SDU EORFV۞

�� 'DQV OH FDV R» F HVW DQQXO« SDU XQ SRO\Q¶PH VFLQG« �WRXMRXUV YUDL VXU C� RQ VDLW TXۑHOOH HVW VHPEODEOH ¢ XQH
PDWULFH GLDJRQDOH SDU EORFV GRQW OHV EORFV VRQW GH OD IRUPH J1, + D R» D HVW QLOSRWHQWH� DSUªVۑ' FH TXL SU«FªGH�
RQ SHXW GRQF VH UDPHQHU ¢ FDOFXOHU exp(J1, + D )� 'H SOXV J1, HW D FRPPXWHQW RQ D GRQF

exp(J1, + D ) = exp(J) exp(D ).

2U OH FDOFXO GH exp(D ) HVW DLV« FDU D" HVW VWDWLRQQDLUH ¢ 0�

���



�� 'DQV OH FDV R» F HVW GLDJRQDOLVDEOH� 3OXW¶W TXH GH IDLUH OH FKDQJHPHQW GH EDVHV TXL Q«FHVVLWH GH FDOFXOHU '−1� RQ

SHXW XWLOLVHU OHV SRO\Q¶PHV LQWHUSRODWHXUV GH /DJUDQJH� 3U«FLV«PHQW� RQ QRWH A3 =
&∏
#=1

(&−## ) OH SRO\Q¶PHPLQLPDO

HW� SRXU WRXW ? ∈ [[ 1 ; . ]]� O . =

∏
#≠.

(& − ## )
∏
#≠.

(# . − ## )
� 2Q VDLW DORUV TXH SRXU WRXW HQWLHU *�

&! = )AF + 7

R»

7 =
&∑
.=1

#&. O .

'ªV ORUV�

exp(F) =
∞∑
!=0

F!

*!
=

∞∑
!=0

1
*!

&∑
.=1

#!. O . (F) =
&∑
.=1

( ∞∑
!=0

1
*!
#!.

)
O . (F) =
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Exercices :
1. 0RQWUHU TXH SRXU WRXWH PDWULFH F ∈ M! (C) LO H[LVWH ' ∈ C[& ] WHO TXH exp(F) = ' (F)� 2Q SRXUUD XWLOLVHU TXH

C[F] HVW XQ VRXV�HVSDFH YHFWRULHO IHUP«�
2. 0RQWUHU TXH SRXU3 ∈ M! (C)� det(exp(3)) = exp(tr (3))� 2Q SRXUUD WULJRQDOLVHU3 �

6 3DUWLHV FRQQH[HV SDU DUFV
2Q YHXW PDLQWHQDQW J«Q«UDOLVHU OH WK«RUªPH GHV YDOHXUV LQWHUP«GLDLUHV�

6.1 0RWLYDWLRQ

/H WK«RUªPH GHV YDOHXUV LQWHUP«GLDLUHV QۑHVW SOXV Y«ULਭ« GDQV C SDU H[HPSOH� 3RXU : : < ↦→ 8#G GH R GDQV C� 2Q D
1 ∈ : (R)� −1 ∈ : (R) PDLV OH VHJPHQW [−1, 1] QۑHVW SDV LQFOXV GDQV : (R)�

6.2 '«ࣼQWLRQ

6RLW ! XQ HVSDFH YHFWRULHO QRUP«� F XQH SDUWLH GH !�

�� 2Q DSSHOOH FKHPLQ GDQV F �RX DUF GDQV F� XQH DSSOLFDWLRQ FRQWLQXH U : [0, 1] → F�

�� 6RLW - HW 0 GDQV F� 2Q DSSHOOH FKHPLQ GDQV F GH - YHUV 0 XQ FKHPLQ U WHO TXH U (0) = - HW U (1) = 0.

Définition 12.79

Remarque : ,O IDXW LPDJLQHU OۑDUF �RX OH FKHPLQ� FRPPH OۑLPDJH U ( [0, 1]) GH OۑDSSOLFDWLRQ�

6RLW F XQH SDUWLH GH !� 2Q FRQVWUXLW XQH UHODWLRQ ELQDLUH VXU F HQ SRVDQW

∀- ∈ F2, -R0 ⇐⇒ (LO H[LVWH XQ FKHPLQ GDQV F GH - YHUV 0)

HVWۑ& XQH UHODWLRQ Gۑ«TXLYDOHQFH�

Proposition 12.80

Démonstration :
ی /D UHODWLRQ HVW UHਮH[LYH� (Q HਬHW� SRXU WRXW - ∈ F� LO H[LVWH XQ FKHPLQ UHOLDQW - ¢ OXL P¬PH� ,O VXਯW GH SUHQGUH OD

IRQFWLRQ FRQVWDQWH «JDOH ¢ - �

ی /D UHODWLRQ HVW V\P«WULTXH� (Q HਬHW VL SRXU -,0 GDQV F RQ VXSSRVH TXH -R0� ,O H[LVWH GRQF XQ FKHPLQ U DOODQW GH
- ¢ 0� ,O VXਯW GH FRQVLG«UHU Ũ G«ਭQL SDU

Ũ : [0, 1] → F
< ↦→ U (1 − <)

HVWۑ& ELHQ XQH DSSOLFDWLRQ FRQWLQXH HW Ũ (0) = U (1) = 0� Ũ (1) = U (0) = - �

���



ی /D UHODWLRQ HVW WUDQVLWLYH� 6RLW-,0 HW N GDQVF� 2Q VXSSRVH TXH-R0 HW TXH0RN� ,O H[LVWH GRQFU1 HWU2 GHV FKHPLQV GH
- YHUV0 HW GH0 YHUV N� 2Q YD FRQVWUXLUH XQ FKHPLQ GH - HQ N HQ PHिDQW OHV GHX[ FKHPLQV ERXW ¢ ERXW� 3U«FLV«PHQW�
RQ SRVH

U : [0, 1] → F

< ↦→
{
U1 (2<) VL < < 1

2
U2 (2< − 1) VLQRQ�

2Q Y«ULਭH ELHQ TXH U HVW FRQWLQX FDU U1 (1) = U2 (0) = 0 SXLV TXH U (0) = U1 (0) = - � U (1) = U2 (1) = N�

)DLUH XQ GHVVLQ

/D UHODWLRQ R HVW ELHQ XQH UHODWLRQ Gۑ«TXLYDOHQFH�
#

Remarque : 2Q YD DORUV UHJDUGHU OHV FODVVHV Gۑ«TXLYDOHQFHV GH SRXU FHिH UHODWLRQ�

8QH SDUWLH F HVW GLWH FRQQH[H SDU DUFV VL SRXU WRXW - HW 0 GDQV F LO H[LVWH XQ FKHPLQ GH - YHUV 0�

Définition 12.81

Remarque : &HOD UHYLHQW ¢ GLUH TXۑLO Qۑ\ D TXۑXQH FODVVH Gۑ«TXLYDOHQFH SRXU OD UHODWLRQ SU«F«GHQWH�

/HV SDUWLHV FRQQH[HV SDU DUFV GH R VRQW OHV LQWHUYDOOHV�

Proposition 12.82

Démonstration :
ی ,O HVW FODLU TXH OHV LQWHUYDOOHV VRQW FRQQH[HV SDU DUFV� (Q HਬHW� SRXU WRXW (-,0) ∈ F2 RQ SHXW SRVHU

U : < ↦→ (1 − <)- + <0

ی 5«FLSURTXHPHQW� PRQWURQV TXH OHV SDUWLHV FRQQH[HV SDV DUFV VRQW OHV LQWHUYDOOHV� 6RLW F XQH SDUWLH FRQQH[H SDU
DUFV� 2Q SRXUUDLW IDLUH XQH G«PRQVWUDWLRQ GLUHFWH DYHF XQH GLVMRQFWLRQ VHORQ TXH F VRLW PDMRU«H RX QRQ� PLQRU«H
RX QRQ HW VHORQ TXH Oۑ«YHQWXHOOH ERUQH VXS«ULHXUH � LQI«ULHXUH DSSDUWLHQQH RX QRQ ¢F� ,O HVW SOXV VLPSOH GH PRQWUHU
TXH VL F HVW FRQQH[H SDU DUFV DORUV HOOH HVW FRQYH[H HW GۑXWLOLVHU OH U«VXOWDW SURXY« SU«F«GHPPHQW�
6RLW -,0 GDQVF� FRPPHF HVW FRQQH[H SDU DUFV� LO H[LVWH U : [0, 1] → R XQH DSSOLFDWLRQ FRQWLQXH WHOOH TXH U (0) = - �
U (1) = 0 HW U SUHQG VHV YDOHXUV GDQV F� 2Q SHXW XWLOLVHU OH WK«RUªPH GHV YDOHXUV LQWHUP«GLDLUHV SRXU PRQWUHU TXH
WRXWHV OHV YDOHXUV N FRPSULVH HQWUH - HW 0 VRQW DिHLQWHV SDU U HW VRQW GRQF GDQVF� 2Q HQ G«GXLW TXHF HVW FRQYH[H�
HVWۑ& GRQF XQ LQWHUYDOOH�

#

6RLW F ⊂ !� (OOH HVW GLWH «WRLO«H VڥLO H[LVWH -0 ∈ F WHO TXH SRXU WRXW 0 GH F� OڥLQWHUYDOOH [-0,0] HVW LQFOXV GDQV F�

Définition 12.83 �Parties étoilées�

)DLUH XQ GHVVLQ

6RLW F XQH SDUWLH GH ! QRQ YLGH� 2Q D

F FRQYH[H⇒ F «WRLO«H⇒ F FRQQH[H SDU DUFV

Proposition 12.84

Démonstration : (YLGHQW #

���



ोDQG RQ QۑHVW SOXV GDQV R� OHV LPSOLFDWLRQV FL�GHVVXV QH VRQW SDV GHV «TXLYDOHQFHV�

)DLUH XQ GHVVLQ

ATTENTION

6RLW F ⊂ !� RQ DSSHOOH FRPSRVDQWHV FRQQH[HV SDU DUFV OHV FODVVHV Gڥ«TXLYDOHQFHV GH OD UHODWLRQ R� (Q SDUWLFXOLHU�
HOOHV VRQW FRQQH[HV SDU DUFV HW IRUPHQW XQH SDUWLWLRQ GH F�

Définition 12.85 �Composantes connexes par arcs�

Exemples :
1. 'DQV F = R∗ ⊂ R OD FRPSRVDQWH FRQQH[H GH 1 HVW ]0, +∞[
2. 'DQV F = C∗ ⊂ C OD FRPSRVDQWH FRQQH[H GH 1 HVW C∗ HQ HQWLHU�

3. HQVHPEOHۑ/ F = R \ Z ⊂ R D XQH LQਭQLW« GH FRPSRVDQWHV FRQQH[HV�

Exercice : 6RLW F XQH SDUWLH FRQQH[H SDU DUFV� 6RLW & XQH SDUWLH GH F TXL HVW RXYHUWH HW IHUP«H� 0RQWUHU TXH & = ∅ RX
& = F�

6.3 ,PDJH GنXQH SDUWLH FRQQH[H SDU DUFV SDU XQH DSSOLFDWLRQ FRQWLQXH

1RXV DOORQV SRXYRLU J«Q«UDOLVHU OH WK«RUªPH GHV YDOHXUV LQWHUP«GLDLUH�

6RLW F XQH SDUWLH FRQQH[H SDU DUFV HW : XQH DSSOLFDWLRQ FRQWLQXH GH F GDQV ( � 6RQ LPDJH : (F) HVW FRQQH[H
SDU DUFV�

Théorème 12.86

Démonstration : 6RLW 01,02 GHX[ «O«PHQWV GH : (F)� ,O H[LVWH -1 HW -2 WHOV TXH : (-# ) = 0# � &RPPH F HVW FRQQH[H SDU
DUFV� LO H[LVWH XQ FKHPLQ U TXL YD GH -1 YHUV -2� /D FRPSRV«H : ◦ U HVW DORUV XQ FKHPLQ GH 01 YHUV 02� #

Remarque : HVWۑ& ELHQ OD J«Q«UDOLVDWLRQ GX WK«RUªPH GHV YDOHXUV LQWHUP«GLDLUHV FDU GDQV OH FDV GH R� FRQQH[H SDU DUFV
HVW «TXLYDOHQW ¢ LQWHUYDOOH�
Exercice : 0RQWUHU TXH GL! (R) QۑHVW SDV FRQQH[H SDU DUFV HW TXH GL! (C) HVW FRQQH[H SDU DUFV�
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