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1RXV DOORQV «WXGLHU OHV HVSDFHV SU«KLOEHUWLHQV U«HOV� HVW�¢�GLUHۑ& OHV HVSDFHV YHFWRULHOV PXQLV GۑXQ SURGXLW VFDODLUH�

1 5DSSHOV

6RLW ! XQ R�HVSDFH YHFWRULHO� 2Q DSSHOOH SURGXLW VFDODLUH XQH IRUPH ELOLQ«DLUH V\P«WULTXH G«टQLH SRVLWLYH� 2Q D
GRQF

ڠ ∀" ∈ !, (•|") HW (" |•) VRQW OLQ«DLUHV
ڠ ∀(", #) ∈ !2, (" |#) = (# |")
ڠ ∀" ∈ !, (" |") ! 0

ڠ ∀" ∈ !, (" |") = 0 ⇐⇒ " = 0.

Définition 13.1 �Produit scalaire�

2Q DSSHOOH HVSDFH SU«KLOEHUWLHQ XQ HVSDFH YHFWRULHO U«HO PXQL GڥXQ SURGXLW VFDODLUH� 6L GH SOXV FHW HVSDFH HVW GH
GLPHQVLRQ टQLH� RQ SDUOH GڥHVSDFH HXFOLGLHQ�

Définition 13.2
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6RLW ! XQ HVSDFH SU«KLOEHUWLHQ� DSSOLFDWLRQڥ/

| |.| | ! → R

$ ↦→ | |$ | | =
√
($ |$)

HVW XQH QRUPH TXH OڥRQ DSSHOOH QRUPH HXFOLGLHQQH�

Définition 13.3

Exemple : Structure euclidienne canonique de R! : /D VWUXFWXUH HXFOLGLHQQH FDQRQLTXH GHR! �FۑHVW�¢�GLUH FHOOH SRXU
ODTXHOOH OD EDVH FDQRQLTXH HVW XQH EDVH RUWKRQRUP«H� HVW G«ਭQLH SDU

(•|•) : R! → R

($1, . . . , $!), (%1, . . . ,%!) ↦→
!∑
"=1
$"%"

6RLW ! XQ HVSDFH HXFOLGLHQ HW B = (&1, . . . , &!) XQH EDVH RUWKRQRUP«H� 6RLW " HW # GHX[ YHFWHXUV GH !� 6L RQ
QRWH

' =
#$$
%

"1
...
"!

&''
(
HW ( =

#$$
%

#1
...
#!

&''
(

OHV PDWULFHV FRORQQHV GHV FRRUGRQQ«HV GH " HW # GDQV OD EDVH B� 2Q D

(" |#) =
!∑
"=1

""#" = #'(

Proposition 13.4

6RLW (&1, . . . , &$ ) XQH IDPLOOH OLEUH GH YHFWHXUV GH !� ,O H[LVWH XQH IDPLOOH RUWKRQRUPDOH ()1, . . . , )$ ) WHOOH TXH�
SRXU WRXW * ∈ [[ 1 ; + ]] ,Vect(&1, . . . , &% ) = Vect()1, . . . , )% ).

Théorème 13.5 �Procédé d’orthonormalisation de Gram-Schmidt�

Exemple : (Q 3\WKRQ VL RQ VXSSRVH DYRLU XQH IRQFWLRQ scal TXL SHUPHW GH FDOFXOHU OH SURGXLW VFDODLUH GH GHX[ YHFWHXUV�
2Q SHXW «FULUH XQH IRQFWLRQ TXL� ¢ SDUWLU GۑXQH OLVWH GH YHFWHXUV UHQYRLH OD IDPLOOH RUWKRQRUPDOH REWHQXH SDU OH SURF«G«
GۑRUWKRQRUPDOLVDWLRQ GH *UDP�6FKPLGW�

def GS(l) :
res = []
for e in l :

ftemp = e
for f in res :

ftemp = ftemp - scal(e,f)*f
res.append(ftemp / sqrt(scal(ftemp,ftemp)))

return(res)

2 3URMHFWLRQ RUWKRJRQDOH VXU XQ VRXV�HVSDFH YHFWRULHO GH GLPHQVLRQ ࣼQLH
6RLW ! XQ HVSDFH SU«KLOEHUWLHQ� 2Q OH FRQVLGªUH FRPPH XQ HVSDFH YHFWRULHO QRUP« SDU OD QRUPH HXFOLGLHQQH QRW«H

| |.| |
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2.1 '«ࣼQLWLRQ

6RLW , XQ VRXV�HVSDFH YHFWRULHO GۑXQ HVSDFH SU«KLOEHUWLHQ� 2Q DSSHOOH RUWKRJRQDO GH , HW RQ QRWH ,⊥ = {" ∈
! | ∀# ∈ , , (" |#) = 0} OۑHQVHPEOH GHV YHFWHXUV RUWKRJRQDX[ ¢ WRXV OHV YHFWHXUV GH , � HVWۑ& XQ HVSDFH YHFWRULHO�

Proposition-Définition 13.6 �Orthogonal�

6L , HVW XQ VRXV�HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� , ⊕ ,⊥ = !� 2Q GLW TXH , HW ,⊥ VRQW HQ VRPPH GLUHFWH
RUWKRJRQDOH�

Théorème 13.7

Remarque : &HFL HVW HQ SDUWLFXOLHU WRXMRXUV Y«ULਭ« VL ! HVW HXFOLGLHQ�

(Q J«Q«UDO� LO HVW IDX[ GH GLUH TXH , ⊕ ,⊥ = !� 2Q D WRXMRXUV , ∩ ,⊥ = {0}� HQ HਬHW SRXU " ∈ , ∩ ,⊥ RQ D
(" |") = 0� 3DU FRQWUH RQ SHXW DYRLU , ⊕ ,⊥ ! !� 3DU H[HPSOH GDQV ! = C 0 ( [0, 1],R) DYHF OH SURGXLW VFDODLUH

() |-) =
∫ 1

0
) (.)-(.)/. . 6L RQ FRQVLGªUH , = R[0 ] OHV IRQFWLRQV SRO\QRPLDOHV� DORUV ,⊥ = {0}� (Q HਬHW

VRLW ) ∈ ,⊥� LO H[LVWH XQH VXLWH GH SRO\Q¶PHV 1! TXL FRQYHUJH XQLIRUP«PHQW YHUV ) GۑDSUªV OH WK«RUªPH GH
:HLHUVWUDVV �[0, 1] HVW XQ VHJPHQW�� 0DLQWHQDQW� SRXU WRXW HQWLHU 2�

() |) ) = () |) − 1! + 1!) = () |) − 1!) + () |1!) = () |) − 1!) " | |) | |∞ | |) − 1! | |∞

2Q HQ G«GXLW HQ IDLVDQW WHQGUH 2 YHUV +∞ TXH () |) ) = 0 HW GRQF ) = 0�

ATTENTION

Démonstration :
2Q D YX TXH , ∩ ,⊥ = {0}� 'RQQRQV GHX[ G«PRQVWUDWLRQV GX IDLW TXH , + ,⊥ = !�

ی Première preuve � 2Q SURFªGH SDU DQDO\VH�V\QWKªVH� 2Q FRQVLGªUH XQH EDVH ()1, . . . , )$ ) RUWKRQRUP«H GH , TXH OۑRQ
SHXW REWHQLU SDU RUWKRQRUPDOLVDWLRQ�

ی $QDO\VH � 6RLW $ ∈ ! HW (", #) ∈ , × ,⊥ WHOV TXH $ = " + # � 2Q D GRQF " =
$∑
"=1

3" )" HW # = $ − " = $ −
$∑
"=1

3" )" �

3DU K\SRWKªVH� (# |)1) = 0 FH TXL VLJQLਭH TXH
(
$ −

$∑
"=1

3" )" |)1
)
= 0 ⇒ ($ |)1) = 31 ()1 |)1) = 31.

'H OD P¬PH PDQLªUH� SRXU WRXW 4 ∈ [[ 1 ; + ]]� (# |)" ) = 0 HW GRQF 3" = ($ |)" )�
ی 6\QWKªVH � VRLW $ ∈ !� RQ SRVH SRXU WRXW 4 ∈ [[ 1 ; + ]] , 3" = ($ |)" )� 2Q SRVH DORUV " =

∑$
"=1 3" )" HW # = $ − # � ,O

HVW FODLU TXH " ∈ , � " + # = $ HW OH FDOFXO SU«F«GHQW PRQWUH TXH SRXU WRXW 4 ∈ [[ 1 ; + ]]� (# |)" ) = 0 GRQF # ∈ ,⊥�
ی Deuxième preuve � 2Q FRQVLGªUH FHिH IRLV XQH EDVHQRQ Q«FHVVDLUHPHQW RUWKRQRUP«H ()1, . . . , )$ ) GH , � 2Q UHSUHQG

OH P¬PH SULQFLSH RQ YHXW «FULUH $ = "+# DYHF" ∈ , HW # ∈ ,⊥ FۑHVW�¢�GLUH TXH" =
$∑
"=1

3" )" HW∀4 ∈ [[ 1 ; + ]] , (# |)" ) =

0� &KHUFKRQV HQFRUH OHV FRHਯFLHQWV 3" �
/H IDLW TXH ($ − " |)1) = 0 GRQQH �

($ |)1) =
$∑
"=1

3" ()" |)1)

(Q SUHQDQW WRXWHV OHV «TXDWLRQV RQ WURXYH TXH OH YHFWHXU Λ =
#$$
%

31
...
3$

&''
(
GRLW Y«ULਭHU Oۑ«TXDWLRQ

5Λ = 0

���



R»

5 =
#$$
%

()1 |)1) · · · ()$ |)1)
...

...
()1 |)$ ) · · · ()$ |)$ )

&''
(
HW 0 =

#$$
%

($ |)1)
...

($ |)$ )

&''
(

/D PDWULFH5 VڥDSSHOOH OD PDWULFH GH *UDP GH OD IDPLOOH�
5HPDUTXRQV DORUV TXH OD PDWULFH5 HVW LQYHUVLEOH HQ HਬHW VRQ QR\DX HVW U«GXLW ¢ {0}� &HOD VH G«GXLW GX IDLW TXH VL

6 =
#$$
%

%1
...
%$

&''
(
DORUV SRXU WRXW 4 ∈ [[ 1 ; + ]]

$∑
&=1

% & ()& |)" ) = 0 GH FH IDLW

#656 =
$∑
"=1

%"

$∑
&=1

% & ()& |)" ) = 0

RU FH WHUPH HVW MXVWH
(∑
%" )" |

∑
% & )&

)
= | |∑%" )" | |22� 2Q HQ G«GXLW TXH WRXV OHV %" VRQW QXOV FDU ()1, . . . , )$ ) HVW OLEUH�

)LQDOHPHQW FH V\VWªPH D XQH XQLTXH VROXWLRQ Λ TXL U«SRQG DX SUREOªPH�

#

$YHF OHV QRWDWLRQV SU«F«GHQWHV� VL ()1, . . . , )$ ) HVW XQH EDVH RUWKRQRUP«H GH , DORUV SRXU WRXW YHFWHXU $ �

+' ($) =
$∑
"=1

3" )" R» 3" = ($ |)" ).

Proposition 13.8

Démonstration : &HOD D «W« YX GDQV OD GHPRQVWUDWLRQ SU«F«GHQWH� #

6RLW , XQ VRXV�HVSDFH YHFWRULHO GH GLPHQVLRQ टQLH� 2Q DSSHOOH SURMHFWLRQ RUWKRJRQDOH VXU , HW RQ QRWH +' OD
SURMHFWLRQ VXU , SDUDOOªOHPHQW ¢ ,⊥

Définition 13.9

Remarque : /HV G«PRQVWUDWLRQV FL�GHVVXV GRQQH XQ PR\HQ GH FDOFXOHU OH SURMHW« RUWKRJRQDO GۑXQ YHFWHXU $ �OH YHFWHXU
" GH OD G«PRQVWUDWLRQ�� ,O IDXW XWLOLVHU OD SUHPLªUH VL RQ D G«M¢ XQH EDVH RUWKRQRUP«H GH , HW OD GHX[LªPH GDQV OH FDV
FRQWUDLUH �¢ PRLQV GH FDOFXOHU DX SU«DODEOH OۑRUWKRQRUPDOLVDWLRQ GH OD EDVH��

2.2 3URSUL«W«V

6RLW , XQ VRXV�HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH� 3RXU WRXW $ GH !�

/ ($, , ) = | |$ − + ($) | |2 .

HVW�¢�GLUHۑ& TXH + ($) HVW OH YHFWHXU GH , OH SOXV SURFKH GH $ �

Proposition 13.10

Démonstration :

)DLUH XQ GHVVLQ

3RXU WRXW # GH ,

/ (#, $)2 = ($ − # |$ − #)
= ($ − +' ($) + +' ($) − # |$ − +' ($) + +' ($) − #)
= | |$ − +' ($) | |22 + 2($ − +' ($) |+' ($) − #) + | |+' ($) − # | |22 .
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2U +' ($) − # ∈ , HW $ − +' ($) ∈ ,⊥ GRQF ($ − +' ($) |+' ($) − #) = 0� )LQDOHPHQW�

/ (#, $)2 = ($ − # |$ − #) = | |$ − +' ($) | |22 + ||+' ($) − # | |22 ! | |$ − +' ($) | |22 = / ($, +' ($))2.
#

Exemple : 2Q YHXW FDOFXOHU
inf

((,))∈R2

∫ +∞

0
&−# (.2 − (7. + 8))2/. .

2Q FRQVLGªUH ! = {) ∈ C 0 (R+,R) | . ↦→ &−# ) (.) HVW LQW«JUDEOH}� (Q SDUWLFXOLHU� OHV IRQFWLRQV SRO\QRPLDOHV DSSDU�
WLHQQHQW ¢ !� HVWۑ& XQ HVSDFH YHFWRULHO �VRXV�HVSDFH YHFWRULHO GH C 0 (R+,R)�� 2Q SHXW DXVVL WUDYDLOOHU DYHF ! = R[0 ]�

2Q SRVH DORUV OH SURGXLW VFDODLUH

∀() ,-) ∈ !2, () |-) =
∫ +∞

0
&−# ) (.)-(.)/. .

/H IDLW TXH FH VRLW XQ SURGXLW VFDODLUH HVW m FODVVLTXH }� 6L RQ SRVH , = R1 [0 ]� OD TXHVWLRQ HVW GH FDOFXOHU / (0 2, , )2. 3RXU
FHOD RQ FDOFXOH 1 = +' (0 2)� ,O HVW GH OD IRUPH 1 = 7 + 80 ∈ , HW RQ VDLW TXH (0 2 − 1 |1) = (0 2 − 1 |0 ) = 0� &DOFXORQV GH
PDQLªUH J«Q«UDOH

(0$ |0*) =
∫ +∞

0
&−#.$+*/. =

,33
(+ + 9)

∫ +∞

0
&−#.$+*−1/. =

,33
· · · =

,33
(+ + 9)!

∫ +∞

0
&−#/. = (+ + 9)!

2Q HQ G«GXLW TXH 7 HW 8 Y«ULਭHQW {
7 + 8 = 2
7 + 28 = 6

(Q U«VROYDQW� RQ WURXYH 7 = 4 HW 8 = −2 HW GRQF 1 = 4 − 20 � 3RXU ਭQLU� HQ XWLOLVDQW OH WK«RUªPH GH 3\WKDJRUH

/ (0 2, , )2 = | |0 2 − +' (0 2) | |22 = | |0 2 | |22 − | |+' (0 2) | |22 = 24 − 8 = 16.

(Q FRQFOXVLRQ�

inf
((,))∈R2

∫ +∞

0
&−# (.2 − (7. + 8))2/. = 4.

�� 6RLW , XQ VRXV�HVSDFH YHFWRULHO GH GLPHQVLRQ ਭQLH HW $ ∈ !�

| |+' ($) | |2 " | |$ | |2

�� 6RLW (&1, . . . , &$ ) XQH IDPLOOH RUWKRQRUPDOH ਭQLH GH !�

$∑
"=1

($ |&" )2 " | |$ | |2

Proposition 13.11 �Inégalité de Bessel�

Démonstration :
�� ,O VXਯW GۑXWLOLVHU OH WK«RUªPH GH 3\WKDJRUH� 2Q D

| |$ | |2 = | |+' ($) | |2 + ||$ − +' ($) | |2

HW GRQF
| |+' ($) | |2 " | |$ | |2.

�� 2Q SRVH , = Vect(&1, . . . , &$ ) HQ RQ XWLOLVH OۑLQ«JDOLW« GH %HVVHO �
$∑
"=1

($ |&" )2 =
00000
00000
$∑
"=1

($ |&" )&"

00000
00000 = | |+' ($) | | " | |$ | |2

#

2Q SHXW J«Q«UDOLVHU FHOD DX FDV R» OD IDPLOOH RUWKRQRUP«H HVW LQਭQLH �VL ! HVW GH GLPHQVLRQ LQਭQLH��
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6L (&" )"∈N HVW XQH IDPLOOH RUWKRQRUP«H GH ! �VXSSRV« GRQF GH GLPHQVLRQ LQਭQLH�� 3RXU WRXW YHFWHXU $ GH !�

OD V«ULH
( ∑
"∈N

($ |&" )2
)
FRQYHUJH HW

+∞∑
"=0

($ |&" )2 " | |$ | |2

Proposition 13.12 �Inégalité de Bessel généralisée�

Démonstration : ,O VXਯW GۑDSSOLTXHU OۑLQ«JDOLW« GH %HVVHO SRXU OHV IDPLOOH (&1, . . . , &$ ) SRXU WRXW + ∈ N� #

3 6XLWHV WRWDOHV
2Q DLPHUDLW G«ਭQLU GHV m EDVHV } GۑXQ HVSDFH YHFWRULHO !� &HSHQGDQW� HQ DOJªEUH OLQ«DLUH RQ QH SHXW IDLUH TXH GHV

FRPELQDLVRQV OLQ«DLUHV ਭQLHV� ,O YD IDOORLU XWLOLVHU XQ SDVVDJH ¢ OD OLPLWH�

3.1 '«ࣼQLWLRQV

8QH VXLWH (&" )"∈N HVW GLWH WRWDOH VL OڥHVSDFH YHFWRULHO HQJHQGU« SDU OD IDPLOOH HVW GHQVH GDQV !� 2Q D GRQF

Vect(&" )"∈N = !

R» OڥDGK«UHQFH HVW SULVH UHODWLYHPHQW ¢ OD QRUPH HXFOLGLHQQH | |.| |2�

Définition 13.13 �Suite totale�

Remarque : 5DSSHORQV TXH Vect(&" )"∈N HVW OۑHQVHPEOH GHV FRPELQDLVRQV OLQ«DLUHV ࣼQLHV GHV YHFWHXUV GH OD IDPLOOHV�
HVW�¢�GLUHۑ& OHV YHFWHXU $ GH ! WHOV TXۑLO H[LVWH XQH IDPLOOH (3" )"∈N SUHVTXH QXOOH WHOOH TXH

$ =
+∞∑
"=0

3"&" .

6RLW (&" )"∈N XQH VXLWH GH YHFWHXUV GH !� /HV DVVHUWLRQV VXLYDQWHV VRQW «TXLYDOHQWHV �

L� /D VXLWH (&" )"∈N HVW WRWDOH�

LL� 3RXU WRXW $ GH ! OD VXLWH ($!) GHV SURMHW«V RUWKRJRQDX[ GH $ VXU ,! = Vect(&0, . . . , &!) FRQYHUJH YHUV
$ �

Proposition 13.14

Démonstration : 5HPDUTXRQV TXۑDYHF OHV QRWDWLRQV GH Oۑ«QRQF«� / ($, ,!) = | |$! − $ | |� HVWۑ& XQH VXLWH G«FURLVVDQWH FDU
,! ⊂ ,!+1� 3RVRQV DXVVL , =

⋃
!∈N ,! = Vect(&" )"∈N�

ی L� ⇒ LL� /D VXLWH (| |$! − $ | |)!∈N HVW G«FURLVVDQWH HW PLQRU«H SDU 0� 6XSSRVRQV SDU OۑDEVXUGH TXۑHOOH HQ FRQYHUJH
SDV YHUV 0� (OOH FRQYHUJH GRQF YHUV ℓ > 0� 2Q HQ G«GXLW GRQF TXH SRXU WRXW% GH , �/ ($,%) ! ℓ FDU% DSSDUWLHQW ¢ OۑXQ
GHV ,! � &HOD FRQWUHGLW OH IDLW TXH OD VXLWH (&" ) HVW WRWDOH� HQ XWLOLVDQW OD FDUDFW«ULVDWLRQ V«TXHQWLHOOH GH OۑDGK«UHQFH�

ی LL� ⇒ L� 3RXU WRXW $ GH !� LO H[LVWH XQH VXLWH Gۑ«O«PHQWV GH , WHOV TXH ($!) → $ GRQF , = ! HW OD VXLWH (&" )"∈N HVW
WRWDOH�

#

���



6RLW (&" )"∈N XQH VXLWH RUWKRQRUPDOH WRWDOH� 3RXU WRXW YHFWHXU $ GH !� OD V«ULH
( ∑
"∈N

($ |&" )2
)
FRQYHUJH HW $ =

+∞∑
"=0

($ |&" )&" . 2Q HQ G«GXLW
+∞∑
"=0

($ |&" )2 = | |$ | |2.

Proposition 13.15

Démonstration : (Q UHSUHQDQW OHV U«VXOWDWV SU«F«GHQWV� RQ D $! =
!∑
"=0

($ |&" )&" � &RPPH RQ VDLW TXH OD VXLWH ($!) WHQG

YHUV $ RQ D ELHQ $ =
+∞∑
"=0

($ |&" )&" . (Q XWLOLVDQW TXH | |$! | |2 =
!∑
"=0

($ |&" )2 RQ REWLHQW GH SOXV TXH

+∞∑
"=0

($ |&" )2 = | |$ | |2.

#

3.2 ([HPSOHV

7UDLWRQV TXHOTXHV H[HPSOHV GH VXLWHV WRWDOHV�

ی 'DQV ! = ℓ2 (N,R) OۑHVSDFH SU«KLOEHUWLHQ GHV VXLWHV ("!) U«HOV WHOV TXH
(∑
"2!

)
FRQYHUJH DYHF OH SURGXLW VFDODLUH

(" |#) =
+∞∑
!=0

"!#!

2Q UDSSHOOH TXH FHिH VRPPH HVW G«ਭQLH SRXU WRXW HQWLHU ; SDU�

+∑
!=0

"!#! "

√√√ +∑
!=0

"2! ×
+∑
!=0

#2! .

2Q SRVH DORUV SRXU WRXW 4 ∈ N OD VXLWH &" ∈ ! G«ਭQLH SDU

∀2 ∈ N, (&" )! = <",! .

,O HVW FODLU TXH FۑHVW XQH IDPLOOH RUWKRQRUPDOH� -XVWLਭRQV TXۑHOOH HVW WRWDOH�
ोDQG RQ FRQVLGªUH XQH VXLWH " = ("!) GH !� RQ D SRXU WRXW 4 ∈ N�

(" |&" ) =
+∞∑
!=0

"!<!," = ""

'H FH IDLW� VL RQ QRWH SRXU WRXW ; ∈ N� ,+ = Vect(&0, . . . , &+ ) RQ D

+'! (") =
+∑
"=0

""&"

FۑHVW�¢�GLUH OD VXLWH +'! (") = ("0,"1, . . . ,"+−1,"+ , 0, . . .) REWHQXH HQ m WURQTXDQW } OD VXLWH "� 2Q YRLW DORUV TXH

| |" − +'! (") | | =
+∞∑

!=++1
"2!

TXL HVW OH UHVWH GH OD V«ULH
(∑
"2!

)
TXL FRQYHUJH SDU K\SRWKªVHV� 2Q D GRQF +'! (") → "� &HFL «WDQW YUDL SRXU WRXWH

VXLWH "� RQ D ELHQ TXH OD IDPLOOH HVW WRWDOH�

���



ی Séries de Fourier &H TXL SU«FªGH VH J«Q«UDOLVH DX[ HVSDFHV SU«KLOEHUWLHQV FRPSOH[HV� 6L RQ FRQVLGªUH OۑHQVHPEOH
GHV IRQFWLRQV 2=�S«ULRGLTXHV G«ਭQLHV VXUR HW ¢ YDOHXUV GDQVC� 2Q SHXW G«ਭQLU SRXU ) ,- GDQV FHW HVSDFH�

() |-) = 1
2=

∫ 2,

0
) -

&HOD VۑDSSHOOH XQ SURGXLW VFDODLUH KHUPLWLHQ HW FHOD VH FRPSRUWH m SUHVTXH } FRPPH XQH SURGXLW VFDODLUH FODVVLTXH�
2Q FRQVLGªUH DORUV OD IDPLOOH "! : $ ↦→ &"!- TXL HVW RUWKRQRUP«H�
2Q QRWH

>! () ) = () |"!) =
1
2=

∫ 2,

0
) "! =

1
2=

∫ 2,

0
) ($)&−"!- .

2Q SRVH DORUV

?+ =
+∑
!=0

>! () )"!

6RXV GH ERQQHV K\SRWKªVHV �C 0 SDU H[HPSOH� OD VXLWH (?+ ) FRQYHUJH SRXU OD QRUPH DVVRFL«H YHUV OD IRQFWLRQ ) �
| |) − ?+ | | → 0� 2Q D P¬PH TXH VL ) HVW GH FODVVH C 1� LO \ D FRQYHUJHQFH VLPSOH GH OD VXLWH ?+ YHUV ) �

ی Polynômes orthogonaux � 6RLW @ = [7,8] XQ VHJPHQW QRQ U«GXLW ¢ XQ SRLQW� 2Q SRVH ! = C 0 ([7,8],R) DYHF OH
SURGXLW VFDODLUH XVXHO�

∀() ,-) ∈ !2, () |-) =
∫ )

(
) -

2Q SRVH DORUV SRXU WRXW 4 ∈ N &" = 0 " HQ LGHQWLਭDQW OH SRO\Q¶PH ¢ VD IRQFWLRQ SRO\QRPLDOH VXU [7,8]� 2Q D DORUV
, = Vect(&" )"∈N = R[0 ] ! !�

6RLW ) XQH IRQFWLRQ FRQWLQXH VXU XQ VHJPHQW @ ¢ YDOHXUV GDQV K� 3RXU WRXW A > 0 LO H[LVWH XQH IRQFWLRQ
SRO\QRPLDOH 1 WHOOH TXH | |) − 1 | |∞ " A . (Q SDUWLFXOLHU� ) HVW OLPLWH XQLIRUPH GH IRQFWLRQV SRO\QRPLDOH FH TXL
VLJQLਭH TXۑLO H[LVWH XQH VXLWH (1!) GH IRQFWLRQV SRO\QRPLDOHV WHOOH TXH 1!

./−→ ) �

Théorème 13.16 �Théorème de Stone-Weierstrass�

Démonstration : 9RLU GHYRLU #

&HSHQGDQW� GۑDSUªV OH WK«RUªPH GH :HLHUVWUDVV� WRXWH IRQFWLRQ FRQWLQXH HVW OLPLWH XQLIRUPH GۑXQH VXLWH GH SR�
O\Q¶PHV� 3RXU WRXW ) GH !� LO H[LVWH (1!) ∈ ,N WHOOH TXH (1!) → ) SRXU OD QRUPH | |.| |∞� (Q XWLOLVDQW DORUV TXH
| |.| | "

√
8 − 7 | |.| |∞ RQ REWLHQW TXH (1!) WHQG YHUV ) DXVVL SRXU OD QRUPH | |.| |� 2Q D TXH , = ! GRQF OD IDPLOOH (&" )

HVW WRWDOH�
1RWRQV TXH OH P¬PH DUJXPHQW IRQFWLRQQH SRXU WRXWH IDPLOOH (&" ) GH SRO\Q¶PHV WHOOH TXH deg &" = 4 �

&HSHQGDQW� HOOH QۑHVW SDV �¢ SULRUL� RUWKRQRUPDOH� 2Q YD GRQF OۑRUWKRQRUPDOLVHU SDU OH SURF«G« GH *UDP�6FKPLGW�
7UDLWRQV OH FDV R» @ = [−1, 1]� 2Q YD FRPPHQFHU SDU WURXYHU XQH IDPLOOH RUWKRJRQDOH� 2Q QRUPDOLVHUD ¢ OD ਭQ
ی 2Q SRVH GRQF 10 = 1�

ی 2Q FKHUFKH HQVXLWH 11 = 0 + 310 WHO TXH (11 |10) = 0� &HOD GRQQH

(0 |10) + 3(10 |10) = 0 ⇒ 3 = − (0 |10)
(10 |10)

= 0

2Q SRVH GRQF 11 = 0

ی 2Q FKHUFKH HQVXLWH 12 = 0 2 + 3111 + 3010 WHO TXH (12 |11) = (12 |10) = 0� &HOD GRQQH

(0 2 |11) + 31 (11 |11) + 0 = 0 ⇒ 31 = − (0 2 |11)
(11 |11)

= 0

HW

(0 2 |10) + 0 + 30 (10 |10) = 0 ⇒ 30 = − (0 2 |10)
(10 |10)

=
1
3

2Q SRVH GRQF 12 = 0 2 − 1
3 .

ی 2Q FKHUFKH HQVXLWH 13 = 0 3 + 3212 + 3111 + 3010� 8Q FDOFXO VLPLODLUH GRQQH DORUV 32 = 30 = 0 HW 31 = −3
5
2Q

SRVH GRQF 13 = 0 3 − 3
50 .

���



2Q SHXW DORUV QRUPDOLVHU FHV SRO\Q¶PH� 2Q D

| |10 | |2 = (10 |10) = 2 RQ SRVH GRQF B0 =
10

| |10 | |
=

√
2
2
.

'H P¬PH

| |11 | |2 = (11 |11) =
∫ 1

−1
$2/$ =

2
3
RQ SRVH GRQF B1 =

11
| |11 | |

=

√
3√
2
0 .

'H P¬PH

| |12 | |2 = (12 |12) = (12 |0 2 − 310) = (12 |0 2) =
∫ 1

−1
$4 − 1

3
$2/$ =

2
5
− 2
9
=

8
45

RQ SRVH GRQF

B2 =
12

| |12 | |
=

√
45√
8
(0 2 − 1

3
).

&H VRQW OHV SRO\Q¶PHV GH /HJHQGUH

$GULHQ�0DULH /HJHQGUH �����������

Remarques :
1. ,O H[LVWH GH QRPEUHX[ DXWUHV IDPLOOHV GH SRO\Q¶PHV RUWKRJRQDX[ REWHQXHV HQ FKDQJHDQW OH SURGXLW VFDODLUH�

ی /HV SRO\Q¶PHV GH 7FKHE\FKHY GH SUHPLªUH HVSªFH REWHQXV SDU @ =] − 1, 1[ HW

() |-) =
∫ 1

−1

1√
1 − .2

) (.)-(.)/.

ی /HV SRO\Q¶PHV GH 7FKHE\FKHY GH GHX[LªPH HVSªFH REWHQXV SDU @ = [−1, 1] HW

() |-) =
∫ 1

−1

√
1 − .2 ) (.)-(.)/.

ی /HV SRO\Q¶PHV GH /DJXHUUH REWHQXV SDU @ = [0, +∞[ HW

() |-) =
∫ +∞

0
&−# ) (.)-(.)/.

ی /HV SRO\Q¶PHV GH +HUPLWH REWHQXV SDU @ =] −∞;+∞[ HW

() |-) =
∫ +∞

−∞
&−#

2
) (.)-(.)/.

2. 7RXWHV FHV IDPLOOHV GH SRO\Q¶PHV Y«ULਭHQW DXVVL GHV UHODWLRQ GH U«FXUUHQFH �GۑRUGUH 2�� GHV IDPLOOHV Gۑ«TXD�
WLRQV GLਬ«UHQWLHOOHV OLQ«DLUHV

Exercice avec Stone-Weierstrass : 6RLW ) XQH IRQFWLRQ U«HOOH FRQWLQXH VXU [7,8]� 2Q VXSSRVH TXH SRXU HQWLHU 2�
∫ )

(
) (.).!/. = 0.

���



2Q YHXW PRQWUHU TXH ) QۑHVW SDV QXO�
2Q UHPDUTXH GۑDERUG TXH SDU OLQ«DULW«� SRXU WRXW SRO\Q¶PH 1 �

∫ )

(
) (.)1 (.)/. = 0.

0DLQWHQDQW SRXU A > 0� LO H[LVWH GۑDSUªV OH WK«RUªPH GH 6WRQH�:HLHUVWUDVV XQ SRO\Q¶PH 1 WHO TXH | |) − 1 | |∞ " A� 2Q D
DORUV 00000

∫ )

(
) 2 (.)/.

00000 =

00000
∫ )

(
) (.)1 (.)/. +

∫ )

(
) (.)() (.) − 1 (.))/.

00000
"

00000
∫ )

(
) (.)1 (.)/.

00000 +
00000
∫ )

(
) (.) () (.) − 1 (.))/.

00000
" 0 + A

∫ )

(
|) (.) |/.

0DLQWHQDQW OD YDOHXU
∫ )

(
|) (.) |/. HVW ਭ[« GRQF HQ IDLVDQW WHQGUH A YHUV 0 RQ REWLHQW TXH

∫ )

(
) 2 (.)/. = 0 HW GRQF

) = 0�

4 ,VRP«WULHV YHFWRULHOOHV GنXQ HVSDFH HXFOLGLHQ
'DQV FH SDUDJUDSKH� ! G«VLJQH XQ HVSDFH HXFOLGLHQ�

4.1 (QGRPRUSKLVPHV RUWKRJRQDX[ � 5DSSHOV

2Q DSSHOOH LVRP«WULH YHFWRULHOOH RX DXWRPRUSKLVPH RUWKRJRQDO XQ HQGRPRUSKLVPH ) GH ! TXL FRQVHUYH OD QRUPH
�FڥHVW�¢�GLUH� ∀" ∈ !, | |) (") | | = | |" | |��

Définition 13.17

7RXW HQGRPRUSKLVPH RUWKRJRQDO HVW XQ DXWRPRUSKLVPH�

Proposition 13.18

Démonstration : &RPPH ! HVW GH GLPHQVLRQ ਭQLH� LO VXਯW GH PRQWUHU TXۑLO HVW LQMHFWLI� 2U VL ) (") = 0 DORUV | |) (") | | = 0
FH TXL LPSOLTXH TXH | |" | | = 0 SXLV " = 0�

#

�� 6RLW ) XQH DSSOLFDWLRQ GH ! GDQV OXL�P¬PH TXL FRQVHUYH OH SURGXLW VFDODLUH �

∀(", #) ∈ !2, () ("), ) (#)) = (", #).

DSSOLFDWLRQۑ/ ) HVW OLQ«DLUH HW FۑHVW XQ DXWRPRUSKLVPH RUWKRJRQDO�

�� 5«FLSURTXHPHQW� WRXW DXWRPRUSKLVPH RUWKRJRQDO SU«VHUYH OH SURGXLW VFDODLUH�

Théorème 13.19

Démonstration : 9RLU FRXUV GH SUHPLªUH DQQ«H
�� 2Q PRQWUH GۑDERUG TXH 0 SU«VHUYH OD QRUPH� 3RXU 1 HW 2 GDQV 32 HW 4, 5 GHX[ U«HOV �

| |0 (41 + 52) − 40 (1) − 50 (2) | |2 = (0 (41 + 52) − 40 (1) − 50 (2) |0 (41 + 52) − 40 (1) − 50 (2))
= ...

= 0

2Q HQ G«GXLW TXH 0 HVW OLQ«DLUH HW� SDU VXLWH� HVW XQ DXWRPRUSKLVPH RUWKRJRQDO�

���



�� 2Q VXSSRVH TXH 0 SU«VHUYH OD QRUPH� 3RXU WRXW (1, 2) ∈ 32�

(0 (1) |0 (2)) =
1
4

(
| |0 (1) + 0 (2) | |2 + | |0 (1) − 0 (2) | |2

)

=
1
4

(
| |0 (1 + 2) | |2 + | |0 (1 − 2) | |2

)

=
1
4

(
| |1 + 2 | |2 + | |1 − 2 | |2

)
= (1 |2)

#

6RLW B XQH EDVH RUWKRQRUP«H HW ) ∈ L (!)�

() ∈ C (!)) ⇐⇒ OۑLPDJH GH B SDU ) HVW XQH EDVH RUWKRQRUP«H.

Corollaire 13.20

Démonstration : 2Q SRVH B = (&1, . . . , &!)
ی ⇒ 2Q VXSSRVH TXH B HVW XQH EDVH RUWKRQRUPDOH� 2Q D YX TXH VL ) «WDLW RUWKRJRQDOH HOOH SU«VHUYH OH SURGXLW

VFDODLUH� 'H FH IDLW� SRXU 4 HW D HQWUH 1 HW 2�

() (&" ), ) (& & )) = (&" , & & ) = <" &
GRQF () (&" )) HVW XQH EDVH RUWKRQRUP«H�

ی ⇐ 6RLW " =
!∑
"=1
$"&" �

| |) (") | |2 =
00000
00000
!∑
"=1

$" ) (&" )
00000
00000
2

=
!∑
"=1

$2" = | |$ | |2.

2Q D ELHQ PRQWU« TXH ) «WDLW RUWKRJRQDOH�

#

Exemples :
1. /HV V\P«WULHV RUWKRJRQDOHV�

6RLW E OD V\P«WULH SDU UDSSRUW ¢ , HW SDUDOOªOHPHQW ¢5 � 0RQWURQV TXH E HVW XQH LVRP«WULH VL HW VHXOHPHQW VL5 = ,⊥�

ی ⇒ 2Q VXSSRVH TXH E HVW XQH LVRP«WULH� 6RLW $ ∈ , HW % ∈ 5 � RQ D

(E ($ + %) |E ($ + %)) = ($ − % |$ − %) = | |$ | |2 − 2($ |%) + | |% | |2

HW
($ + % |$ + %) = | |$ | |2 + 2($ |%) + | |% | |2

&RPPH E HVW XQH LVRP«WULH�

| |E ($ + %) | |2 = | |$ + % | |2 ⇐⇒ −2($ |%) = 2($ |%) ⇐⇒ $ ⊥ %

2Q REWLHQW TXH , ⊂ 5⊥ HW GRQF , = 5⊥�

ی ⇐ 6RLW " ∈ !� ,O H[LVWH ($,%) ∈ , ×5 WHOV TXH " = $ + %� &RPPH5 = ,⊥� ($ |%) = 0�
/H FDOFXO SU«F«GHQW PRQWUH GRQF TXH | |E (") | |2 = | |" | |2� /D V\P«WULH E HVW ELHQ XQH LVRP«WULH�

2. HQGRPRUSKLVPHۑ/ F ↦→ F6 GH WUDQVSRVLWLRQ HVW XQ DXWRPRUSKLVPH RUWKRJRQDO GH M! (R) PXQL GX SURGXLW VFD�
ODLUH XVXHO�

/HV SURMHFWHXUV RUWKRJRQDX[ QH VRQW SDV GHV LVRP«WULHV �VDXI id HW �id��

ATTENTION

HQVHPEOHۑ/ GHV HQGRPRUSKLVPHV RUWKRJRQDX[ HVW XQ JURXSH SRXU OD FRPSRVLWLRQ TXH OۑRQ DSSHOOH JURXSH
RUWKRJRQDO HW TXL VH QRWH C (!)� &HOD VLJQLਭH TXH VL ) HW - VRQW GHV HQGRPRUSKLVPHV RUWKRJRQDX[ DORUV ) −1
HW ) ◦ - DXVVL�

Proposition 13.21

���



Démonstration : ,O VXਯW GH YRLU TXH FۑHVW XQ VRXV�JURXSH GH GL(!) FDU WRXV OHV HQGRPRUSKLVPHV RUWKRJRQDX[ VRQW
GHV DXWRPRUSKLVPHV� 2Q XWLOLVH OD FDUDFW«ULVDWLRQ XVXHOOH GHV VRXV�JURXSHV�

ی »LGHQWLWۑ/ HVW XQH LVRP«WULH YHFWRULHOOH GRQFC (!) ≠ ∅�
ی 6RLW ) HW- GHX[ HQGRPRUSKLVPHV RUWKRJRQDX[� LO IDXW PRQWUHU TXH ) ◦-−1 HVW DXVVL XQ HQGRPRUSKLVPH RUWKRJRQDO�

6RLW " GDQV !� FRPPH - HVW XQ DXWRPRUSKLVPH� RQ SHXW SRVHU # = -−1 (") �HW GRQF " = -(#)��

| |" | | = | |-(#) | | = | |# | | = | |) (#) | | = | | () ◦ -−1)(") | |

&HOD PRQWUH TXH ) ◦ -−1 DSSDUWLHQW ¢ C (!)�
2Q D ELHQ PRQWU« TXH (C (!), ◦) HVW XQ VRXV�JURXSH GH (GL(!), ◦)� #

4.2 0DWULFHV RUWKRJRQDOHV

6RLWG ∈ M! (R)� /HV FRQGLWLRQV VXLYDQWHV VRQW «TXLYDOHQWHV �
L� /D PDWULFHG HVW LQYHUVLEOH HWG−1 = #G �

LL� /HV FRORQQHV GHG IRUPHQW XQH EDVH RUWKRQRUP«H�

LLL� /HV OLJQHV GHG IRUPHQW XQH EDVH RUWKRQRUP«H�

Définition 13.22

Remarques :
1. 3RXU OD FRQGLWLRQ 4) LO VXਯW GH Y«ULਭHU TXHG#G = @! RX TXH #GG = @! .

2. 'DQV OHV FRQGLWLRQV 44) HW 444) RQ D LGHQWLਭ« OHV FRORQQHV RX OHV OLJQHV GH OD PDWULFH ¢R! DYHF VRQ SURGXLW VFDODLUH
XVXHO�

Démonstration : 6L RQ QRWHG = (7" & )� H" OHV FRORQQHV GHG HW TXH OۑRQ QRWH (8" & ) OHV FRHਯFLHQWV GH #GG � 2Q D

∀(4, D) ∈ [[ 1 ; 2 ]]2 ,8" & = #H"H & =
!∑
%=1

7%"7% & = (H" |H & ).

2Q D GRQF TXH OHV FRORQQHV GHG IRUPHQW XQ EDVH RUWKRQRUP«H VL HW VHXOHPHQW VL #GG = @! �
'H P¬PH OHV OLJQHV GHG IRUPHQW XQH EDVH RUWKRQRUP«H VL HW VHXOHPHQW VLG#G = @! .
2Q FRQFOXW HQ XWLOLVDQW TXH

#GG = @! ⇐⇒ G#G = @! ⇐⇒ G−1 = #G .

#

8Q PDWULFH Y«ULटDQW OHV FRQGLWLRQV FL�GHVVXV VڥDSSHOOH XQH PDWULFH RUWKRJRQDOH� 2Q QRWH C (2) RX C! (R) OڥHQ�
VHPEOH GHV PDWULFHV RUWKRJRQDOHV GH M! (R)�

Définition 13.23

Remarque : 2Q YRLW TXHG ∈ C (2) ⇐⇒ #G ∈ C (2).
Exemples :

1. 8QH PDWULFH GLDJRQDOH DYHF GHV «O«PHQWV GH {±1} VXU OD GLDJRQDOH HVW RUWKRJRQDOH�

2. /HV PDWULFHV F =
(
cosI − sinI
sinI cosI

)
VRQW RUWKRJRQDOHV�

6RLW B XQH EDVH RUWKRQRUP«H� 6RLW ) ∈ L (!) RQ D

) ∈ C (!) ⇐⇒ MatB () ) ∈ C (2).

Théorème 13.24

���



Démonstration : 6L RQ QRWH B = (&1, . . . , &!)�

) ∈ C (!) ⇐⇒ OۑLPDJH GH B SDU ) HVW XQH EDVH RUWKRJRQDOH

⇐⇒ OD IDPLOOH () (&" )) HVW XQH IDPLOOH RUWKRQRUPDOH SRXU OD VWUXFWXUH HXFOLGLHQQH GH !
⇐⇒ /D IDPLOOH H" HVW RUWKRQRUPDOH SRXU OD VWUXFWXUH HXFOLGLHQQH FDQRQLTXH GHR!

⇐⇒ MatB () ) ∈ C (2)

#

3RXU OD PXOWLSOLFDWLRQ GHV PDWULFHV�C (2) HVW XQ VRXV�JURXSH GH GL! (R) HW SRXU WRXWH EDVH RUWKRQRUPDOH�

C (!) → C (2)
) ↦→ MatB () )

HVW XQ LVRPRUSKLVPH GH JURXSH�

Corollaire 13.25

6RLWG XQH PDWULFH RUWKRJRQDOH� 6RQ G«WHUPLQDQW DSSDUWLHQW ¢ {±1}�

Proposition 13.26

Démonstration : ,O VXਯW GH YRLU TXH #GG = @! LPSOLTXH det(G)2 = 1. #

&H QۑHVW SDV XQH «TXLYDOHQFH� 3DU H[HPSOH� OD PDWULFH
(
2 5
1 3

)
� 6RQ G«WHUPLQDQW YDXW 1 PDLV HOOH QۑHVW SDV

RUWKRJRQDOH�

ATTENTION

4.3 *URXSH VS«FLDO RUWKRJRQDO HW RULHQWDWLRQ

�� 2Q DSSHOOH JURXSH VS«FLDO RUWKRJRQDO �RX JURXSH GHV URWDWLRQV� HW RQ QRWH ?C (2) OH VRXV�JURXSH GH C (2)
FRQVWLWX« GHV PDWULFHV RUWKRJRQDOHV GH G«WHUPLQDQW 1�

�� 2Q DSSHOOH JURXSH VS«FLDO RUWKRJRQDO �RX JURXSH GHV URWDWLRQV� HW RQ QRWH ?C (!) OH VRXV�JURXSH GH C (!)
FRQVWLWX« GHV HQGRPRUSKLVPHV RUWKRJRQDX[ GH G«WHUPLQDQW 1�

Définition 13.27

Remarque : 2Q SHXW MXVWLਭHU TXH FH VRQW GHV VRXV�JURXSHV HQ YR\DQW TXH FۑHVW OH QR\DX GX G«WHUPLQDQW TXL HVW XQ
PRUSKLVPH GH JURXSHV

det : C (2) → {±1}
Exercice : 0RQWUHU TXH C (2) HW ?C (2) VRQW FRPSDFWV�

2Q FRPPHQFH SDUC (2)� DSSOLFDWLRQۑ/ Φ : G ↦→ #GG HVW FRQWLQXH SDU FKDTXH FRHਯFLHQW GH #GG HVW SRO\QRPLDO HQ
OHV FRHਯFLHQWV GHG �RQ SHXW DXVVL GLUH TXHG ↦→ #G HVW OLQ«DLUH HW TXH OH SURGXLW PDWULFLHO HVW FRQWLQXH�� 2Q HQ G«GXLW
TXH C (2) = Φ−1 ({@!}) HVW OۑLPDJH U«FLSURTXH GۑXQ IHUP« �XQ VLQJOHWRQ HVW IHUP«� SDU XQH DSSOLFDWLRQ FRQWLQXH� HVWۑ&
GRQF XQ IHUP«�

'H SOXV� VL RQ FRQVLGªUH OD QRUPH HXFOLGLHQQH VXU M! (R)� 3RXU WRXWH PDWULFH RUWKRJRQDOHG � | |G | |2 =
√
tr (#GG) =√

2� &HOD PRQWUH TXH C (2) HVW LQFOXV GDQV OD ERXOH IHUP« GH FHQWUH 0 HW GH UD\RQ √
2 SRXU OD QRUPH 2� 2Q REWLHQW GRQF

TXH C (2) HVW ERUQ«H� &RPPH M! (R) HVW GH GLPHQVLRQ ਭQLH� XQH SDUWLH IHUP«H HW ERUQ«H HVW FRPSDFWH�
DSSOLFDWLRQۑ/ det HVW FRQWLQXH FDU SRO\QRPLDOH HQ VHV FRRUGRQQ«HV� 2Q VDLW GRQF TXH det−1 ({1}) HVW XQ IHUP« GH

M! (R)� &HOD LPSOLTXH TXH ?C (2) HVW XQ IHUP« GH C (2) TXL HVW FRPSDFW HW GRQF ?C (2) HVW FRPSDFW�

���



2Q FRQVLGªUH VXU OۑHQVHPEOH GHV EDVHV RUWKRQRUP«HV GH ! OD UHODWLRQ ELQDLUH VXLYDQWH �

BJB′ ⇐⇒ det(1B′
B ) = 1

2Q SHXW PRQWUHU DLV«PHQW TXH FۑHVW XQH UHODWLRQ Gۑ«TXLYDOHQFH�
'H SOXV� VRLW B = (&1, . . . , &!) XQ EDVH RUWKRQRUPDOH� 2Q FRQVLGªUH B′ = (&1, . . . , &!−1,−&!)� ,O HVW FODLU TXH B HW B′

QH VRQW SDV HQ UHODWLRQ� 3DU FRQWUH� WRXWH EDVH RUWKRQRUPDOH HVW HQ UHODWLRQ DYHF B RX DYHF B′�

/D UHODWLRQ J HVW XQH UHODWLRQ Gڥ«TXLYDOHQFH�
6H GRQQHU XQH RULHQWDWLRQ UHYLHQW ¢ FKRLVLU XQH GHV GHX[ FODVVHV Gڥ«TXLYDOHQFH GH FHࡇH UHODWLRQ� /HV EDVHV TXL
DSSDUWLHQQHQW ¢ FHࡇH FODVVH VڥDSSHOOHQW OHV EDVHV RUWKRQRUP«HV GLUHFWHV�

Définition 13.28 �Orientation�

8Q HQGRPRUSKLVPH ) DSSDUWLHQW ¢ ?C (!) VL HW VHXOHPHQW VۑLO WUDQVIRUPH XQH EDVH RUWKRQRUP«H GLUHFWH HQ
XQH EDVH RUWKRQRUP«H GLUHFWH� 2Q GLW DXVVL TXH ) HVW XQ DXWRPRUSKLVPH RUWKRJRQDO GLUHFW�

Proposition 13.29

Démonstration : (Q H[HUFLFH #

4.4 (QGRPRUSKLVPHV RUWKRJRQDX[ GX SODQ HXFOLGLHQ

'DQV WRXW FH SDUDJUDSKH� ! G«VLJQH XQ SODQ HXFOLGLHQ RULHQW« FۑHVW�¢�GLUH XQ HVSDFH HXFOLGLHQ GH GLPHQVLRQ 2 RULHQW«�

Notation : 6RLW I ∈ R RQ QRWH J(I ) =
(
cosI − sinI
sinI cosI

)
HW ? (I ) =

(
cosI sinI
sinI − cosI

)
�

Remarque : 2Q YRLW TXH J(I ) HW ? (I ) VRQW GHV «O«PHQWV GH C (2)�
'H SOXV Det(J(I )) = 1 HW GRQF J(I ) ∈ ?C (2) DORUV TXH Det(? (I )) = −1�

6RLWG XQH PDWULFH GH C (2)� ,O H[LVWH I GDQVR WHO TXHG = J(I ) RXG = ? (I )�

Théorème 13.30

Démonstration : 2Q QRWH G =
(
7 8
> /

)
� &RPPH G HVW RUWKRJRQDOH� RQ D 72 + >2 = 1 �FDU m OD FRORQQH HVW QRUP«H }�

HW GH FH IDLW LO H[LVWH I WHO TXH 7 = cosI HW > = sinI � 'H P¬PH� LO H[LVWH K WHO TXH 8 = cosK HW / = sinK � 0DLQWHQDQW� HQ
XWLOLVDQW TXH OHV GHX[ FRORQQHV VRQW RUWKRJRQDOHV RQ REWLHQW �

cosI cosK + sinI sinK = 0 ⇐⇒ cos(I − K) = 0

⇐⇒ I − K =
=

2
[=]

⇐⇒ K = I − =

2
[=] .

ی 6L K = I + =
2
[2=] RQ D GRQF > = cosK = − sinI HW / = sinK = cosI � 2Q D GRQFG = J(I ).

ی 6L K = I − =

2
[2=] RQ D GRQF > = cosK = sinI HW / = sinK = − cosI � 2Q D GRQFG = ? (I ).

#

�� 2Q D ?C (2) = {J(I ) | I ∈ R}.
�� DSSOLFDWLRQۑ/ GH (R, +) GDQV (?C (2),×) TXL DVVRFLH ¢ I OD PDWULFH J(I ) HVW XQ PRUSKLVPH VXUMHFWLI GH

JURXSH GRQW OH QR\DX HVW 2=Z� (Q SDUWLFXOLHU� ?C (2) HVW XQ JURXSH DE«OLHQ�

Corollaire 13.31

���



6RLW ) XQ HQGRPRUSKLVPH GH ?C (!)� ,O H[LVWH XQ XQLTXH U«HO I ¢ 2=�SUªV WHO TXH GDQV WRXWH EDVH RUWKRQRUP«H
GLUHFWH VD PDWULFH VRLW J(I )�

Proposition 13.32

Démonstration : 2Q VDLW TXH OD PDWULFH GH ) GDQV XQH EDVH RUWKRQRUP«H GLUHFWH B DSSDUWLHQW ¢ ?C (2)� (OOH HVW GRQF
GH OD IRUPH J(I )� 0DLQWHQDQW VL B′ HVW XQH DXWUH EDVH RUWKRQRUP«H GLUHFWH DORUV OD PDWULFH GH SDVVDJH 1 GH B ¢ B′ HVW
DXVVL XQ «O«PHQW GH ?C (2)� &RPPH ?C (2) HVW DE«OLHQ�

MatB′ () ) = 1−1J(I )1 = J(I )1−11 = J(I ).
#

$YHF OHV QRWDWLRQV SU«F«GHQWHV� RQ GLW TXH ) HVW XQH URWDWLRQ GڥDQJOH I RX TXH I HVW XQH PHVXUH GH ) �

Définition 13.33

6RLW ) XQ DXWRPRUSKLVPH RUWKRJRQDO LQGLUHFW� HVWۑ& XQH U«ਮH[LRQ�

Proposition 13.34

Démonstration : 2Q FKRLVLW XQH EDVH RUWKRJRQDOH� 2Q YRLW TXH OD PDWULFH GH ) HVW GH OD IRUPH ? (I )� 2Q HQ G«GXLW SDU
OH FDOFXO TXH ) 2 = Id FDU ? (I )2 = @2.

'RQF ) HVW XQH V\P«WULH RUWKRJRQDOH� 2Q UHJDUGH OH QR\DX GH ) − Id� &RPPH ) QۑHVW SDV Id QL �Id �TXL VRQW GHV
URWDWLRQV� RQ HQ G«GXLW TXH OH QR\DX GH ) − Id HVW GH GLPHQVLRQ 1� HVWۑ& ELHQ XQH U«ਮH[LRQ�

#

Remarque : (Q UHSUHQDQW OHV QRWDWLRQV FL�GHVVXV� 2Q VH SODFH GDQV XQH EDVH RUWKRQRUP«H GLUHFWH �L�M� HW RQ QRWH ? (I )
VD PDWULFH� 6L RQ FKHUFKH XQH «TXDWLRQ GH Ker () − Id) LO VXਯW GH U«VRXGUH �{

((cosI ) − 1)$ + (sinI )% = 0
(sinI )$ + (−(cosI ) − 1)% = 0

⇐⇒
{
sin(I/2) (− sin(I/2)$ + cos(I/2)%) = 0
cos(I/2) (sin(I/2)$ − cos(I/2)%) = 0

/H YHFWHXU " = cos
I

2
4 + sin

I

2
D HVW XQH VROXWLRQ� 2Q HQ G«GXLW TXH ) HVW XQH V\P«WULH SDU UDSSRUW ¢ Vect(").

6RLW ) XQ HQGRPRUSKLVPH RUWKRJRQDO GX SODQ HXFOLGLHQ�

ی 6L FۑHVW XQ DXWRPRUSKLVPH GLUHFW� FۑHVW XQH URWDWLRQ HW LO H[LVWH I WHO TXH� SRXU WRXWH EDVH RUWKRQRUP«H
B�

MatB () ) = J(I )

ی LOۑ6 QۑHVW SDV GLUHFW� FۑHVW XQH U«ਮH[LRQ� 3RXU WRXWH EDVH RUWKRQRUP«H B� LO H[LVWH I WHO TXH

MatB () ) = ? (I )

'DQV FH FDV� I G«SHQG GH OD EDVH B� (Q SDUWLFXOLHU� RQ SHXW FKRLVLU B WHO TXH

MatB () ) = ? (0) =
(
1 0
0 −1

)

ATTENTION

Remarque : 2Q SHXW IDLUH FHV FDOFXOV HQ LGHQWLਭDQW XQ YHFWHXU ($,%) DYHF OH QRPEUH FRPSOH[H L = $ + 4%� /D PDWULFH
J(I ) FRUUHVSRQG DORUV ¢ OD PXOWLSOLFDWLRQ SDU &"7 � /D PDWULFH ? (I ) ¢ L ↦→ &"7L. (Q HਬHW� VL RQ QRWH 0 =

(
$
%

)
�

J(I )0 =
(
$ cosI − % sinI
$ sinI + % cosI

)
HW ? (I )0 =

(
$ cosI + % sinI
$ sinI − % cosI

)

2Q Y«ULਭH DLV«PHQW DORUV TXH

&"7L = ($ cosI − % sinI ) + 4 ($ sinI + % cosI ) HW &"7L = ($ cosI + % sinI ) + 4 ($ sinI − % cosI )

���



4.5 5«GXFWLRQ GHV LVRP«WULHV

2Q FRQVLGªUHPDLQWHQDQW XQ HVSDFH HXFOLGLHQ RULHQW« GH GLPHQVLRQ TXHOFRQTXH 6RLW ) XQ HQGRPRUSKLVPH RUWKRJRQDO�
RQ YD FKHUFKHU XQH EDVH B RUWKRJRQDOH� WHOOH TXH MatB () ) VRLW OD SOXV VLPSOH SRVVLEOH� 5HPDUTXRQV SRXU FRPPHQFHU
TXH ) QۑHVW SDV Q«FHVVDLUHPHQW GLDJRQDOLVDEOH �GDQVR�� 3DU H[HPSOH� OD URWDWLRQ GۑDQJOH ,

2 GDQVR
2 D SRXU PDWULFH GDQV

OD EDVH FDQRQLTXH

G =
(
0 −1
1 0

)
.

&HिH PDWULFH D SRXU SRO\Q¶PH FDUDFW«ULVWLTXH M = 0 2 + 1 TXL QۑD SDV GH UDFLQHV U«HOOHV�
1RXV DOORQV SURF«GHU SDU U«FXUUHQFH HQ �

ی 7URXYHU XQ VRXV�HVSDFH VWDEOH , � OHPPH $

ی 9«ULਭHU TXH ,⊥ HVW DXVVL VWDEOH SDU ) � OHPPH %

ی 5HFRPPHQFHU SRXU )̌ OۑHQGRPRUSKLVPH LQGXLW SDU ) VXU ,⊥�

6RLW ) XQ HQGRPRUSKLVPH �TXHOFRQTXH� GH !� 6L RQ VXSSRVH TXH ! ≠ {0} DORUV LO H[LVWH XQH GURLWH RX XQ SODQ
, VWDEOH SDU ) �

Lemme 13.35 �Lemme A�

Remarque : &H OHPPH HVW YDODEOH HQ J«Q«UDOH SRXU WRXW HQGRPRUSKLVPH GۑXQR�HVSDFH YHFWRULHO�
Démonstration :

ی Première preuve : 6RLW F OD PDWULFH GH ) GDQV XQH EDVH B ਭ[«H GH !� 2Q VDLW TXH F DGPHW XQH YDOHXU SURSUH
�«YHQWXHOOHPHQW FRPSOH[H�� HVW�¢�GLUHۑ& TXۑLO H[LVWH 3 ∈ C HW 0 ∈ M!,1 (C) QRQ QXO WHO TXH F0 = 30 �

ی 6L 0 HVW D FRHਯFLHQW U«HOV� DORUV 3 HVW DXVVL U«HO� 6RLW $ WHO TXH MatB ($) = 0 � OH YHFWHXU $ HVW XQ YHFWHXU
SURSUH HW GRQF , = Vect($) HVW VWDEOH SDU ) �

ی 6L 0 QۑHVW SDV ¢ FRHਯFLHQWV U«HOV� RQ SRVH 0 = ' + 4( DYHF (' ,( ) ∈ M!,1 (R)2� 3RVRQV DXVVL 3 = N + 4O DYHF
N HW O U«HOV� 2Q D DORUV

F0 = 30 ⇒ F(' + 4( ) = (N + 4O) (' + 4( ) ⇒
{
F' = N' − O(
F( = O' + N(

6L RQ QRWH DORUV " HW # OHV YHFWHXUV GH ! WHOV TXH MatB (") = ' HW MatB (#) = ( � (Q SRVDQW , = Vect(", #) RQ
YRLW TXH , HVW VWDEOH SDU ) �
'H SOXV� FRPPH " RX # �RX OHV GHX[� QH VRQW SDV QXOV� , HVW XQH GURLWH RX XQ SODQ�

'DQV WRXV OHV FDV� LO H[LVWH XQH GURLWH RX XQ SODQ , VWDEOH SDU ) �

ی Deuxième preuve : 2Q FRQVLGªUH XQ SRO\Q¶PH 1 QRQ QXO DQQXODWHXU GH ) GDQV R[0 ] �TXH OۑRQ SHXW FKRLVLU
XQLWDLUH�� 2Q SHXW SUHQGUH 1 = P0 RX 1 = M0 �
&H SRO\Q¶PH VH IDFWRULVH GDQVR[0 ] FRPPH XQ SURGXLW GH SRO\Q¶PHV LUU«GXFWLEOHV �TXH OۑRQ SHXW FKRLVLU XQLWDLUHV
� � 1 =

8∏
"=1
1" � 3DU G«ਭQLWLRQ� 1 () ) = 11 () ) ◦ 12 () ) ◦ · · · ◦ 18 () ) = 0L (3) � (Q SDUWLFXOLHU� LO H[LVWH DX PRLQV XQ HQWLHU

4 ∈ [[ 1 ; Q ]] WHO TXH 1" () ) QH VRLW SDV LQMHFWLI�
3DU V\P«WULH� VXSSRVRQV TXH 11 () ) QۑHVW SDV LQMHFWLI HW GRQF LO H[LVWH XQ YHFWHXU $ QRQ QXO GDQV ker 11 () )� 2Q VDLW
GH SOXV TXH 11 HVW XQ SRO\Q¶PH LUU«GXFWLEOH GHR[0 ]
ی 6L 11 HVW GH GHJU« 1� 2Q D 11 = 0 − 3� 2Q D DORUV TXH $ HVW XQ YHFWHXU SURSUH DVVRFL« ¢ 3 FDU () − 3id) ($) = 0�

2Q SHXW SRVHU , = Vect($) TXL HVW VWDEOH SDU ) �
ی 6L 11 HVW GH GHJU« 2� RQ D 12 = 0 2 + N0 + O � 2Q SRVH DORUV , = Vect($, ) ($)) TXL HVW GH GLPHQVLRQ 1 RX 2�

&RPPH GH SOXV� ) 2 ($) = −N ) ($) − O$ � RQ HQ G«GXLW TXH , HVW VWDEOH SDU ) �
'DQV WRXV OHV FDV� LO H[LVWH XQH GURLWH RX XQ SODQ , VWDEOH SDU ) �

#

6RLW ) XQ DXWRPRUSKLVPH RUWKRJRQDO HW , XQ VRXV�HVSDFH VWDEOH SDU ) DORUV ,⊥ HVW DXVVL VWDEOH SDU ) �

Lemme 13.36 �Lemme B�
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Démonstration : 6RLW" ∈ ,⊥� 2Q YHXW PRQWUHU TXH ) (") ∈ ,⊥ FۑHVW�¢�GLUH TXH SRXU WRXW YHFWHXU # GH , DORUV () ("), #) =
0� &RPPHQ©RQV SDU UHPDUTXHU TXH� FRPPH ) HVW XQ DXWRPRUSKLVPH� ) (, ) = , FDU OH SUHPLHU HVW LQFOXV GDQV OH GHX[LªPH
HW LOV RQW OD P¬PH GLPHQVLRQ� 'H FH IDLW VL # DSSDUWLHQW ¢ , LO H[LVWH # ′ GDQV , WHO TXH # = ) (# ′)� 2Q D DORUV

() (") |#) = () (") |) (# ′)) = (" |# ′) = 0.

#

6RLW ) XQH LVRP«WULH GH !� ,O H[LVWH XQH EDVH RUWKRQRUP«H B GH ! WHO TXH OD PDWULFH GH ) GDQV OD EDVH B VRLW
GLDJRQDOH SDU EORFV DYHF GHV EORFV GH OD IRUPH

J7 =
(
cosI − sinI
sinI cosI

)
∈ ?C (2); (1) ∈ C (1); (−1) ∈ C (1).

�HVW�¢�GLUHۑ& HQ UHJURXSDQW OHV EORFV�

MatB () ) =

#$$$$$$
%

J71
. . .

J7"
@$

−@*

&''''''
(

Théorème 13.37 �Réduction des isométries - Version endomorphismes�

Démonstration : 2Q SURFªGH SDU U«FXUUHQFH VXU OD GLPHQVLRQ GH !�
ی Initialisation : 6L dim! = 1� OHV VHXOHV LVRP«WULHV VRQW id HW �id�
ی Hérédité : 6RLW 2 ! 2� 2Q VXSSRVH TXH OD SURSUL«W« HVW YUDLH SRXU WRXW OHV HQWLHU * < 2� 6RLW ! GH GLPHQVLRQ 2�

2Q VDLW TXۑLO H[LVWH XQ VRXV�HVSDFH YHFWRULHO , VWDEOH SDU ) GH GLPHQVLRQ 1 RX 2� 2Q VDLW TXH ,⊥ HVW DXVVL VWDEOH
SDU ) HW TXH )̌ OD UHVWULFWLRQ GH ) ¢ ,⊥ HVW XQH LVRP«WULH� 2Q SHXW GRQF OXL DSSOLTXHU OۑK\SRWKªVH GH U«FFXUHQFH�
0DLQWHQDQW�

ی 6L dim , = 1 DORUV OD UHVWULFWLRQ GH ) ¢ , TXL HVW XQH LVRP«WULH HVW id RX �id�
ی 6L dim , = 2 DORUV OD UHVWULFWLRQ GH ) ¢ , TXL HVW XQH LVRP«WULH HVW VRLW XQH URWDWLRQ GH PDWULFH J7 =(

cosI − sinI
sinI cosI

)
� VRLW XQH V\P«WULH HW RQ SHXW FKRLVLU XQH EDVH RUWKRQRUP«H WHOOH TXH VD PDWULFH VRLW

?0 =
(
1 0
0 −1

)
.

,O Qۑ\ D SOXV TXۑ¢ FRQFDW«QHU OHV EDVHV�

#

6RLW F XQH PDWULFH RUWKRJRQDOH� (OOH HVW VHPEODEOH ¢ XQH PDWULFH R GLDJRQDOH SDU EORFV DYHF GHV EORFV GH OD
IRUPH

J7 =
(
cosI − sinI
sinI cosI

)
∈ ?C (2); (1) ∈ C (1); (−1) ∈ C (1).

�HVW�¢�GLUHۑ& HQ UHJURXSDQW OHV EORFV�

MatB () ) =

#$$$$$$
%

J71
. . .

J7"
@$

−@*

&''''''
(
.

'H SOXV� FHOD SHXW�¬WUH REWHQX SDU XQ FKDQJHPHQW GH EDVHV HQWUH GHX[ EDVHV RUWKRQRUPDOHV� HVW�¢�GLUHۑ&
TXۑLO H[LVWH 1 ∈ C (2) WHOOH TXH

1−1F1 = #1F1 = R .

Corollaire 13.38 �Réduction des isométries - Version matrices�
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4.6 $XWRPRUSKLVPHV RUWKRJRQDX[ GH OنHVSDFH

2Q YD DSSOLTXHU FH TXL SU«FªGH SRXU 2 = 3�
3DU OD VXLWH ! G«VLJQH XQ HVSDFH HXFOLGLHQ RULHQW« GH GLPHQVLRQ 3�

6RLW S XQ YHFWHXU XQLWDLUH GH !� ,O H[LVWH XQH XQLTXH RULHQWDWLRQ GX SODQ T = Vect(S)⊥ WHO TXH SRXU WRXWH
EDVH RUWKRQRUP«H GLUHFWH (", #) GH T � OD EDVH (", #,S) VRLW GLUHFWH GDQV !�

Proposition 13.39

Remarque : 2Q GLW DORUV TXH T HVW RULHQW« SDU OH YHFWHXU S � 2Q SHXW GۑDLOOHXUV SURF«GHU GDQV OۑDXWUH VHQV� 6L RQ VH
GRQQH XQ SODQ T � SRXU OۑRULHQWHU� LO VXਯW GH FKRLVLU XQ GHV GHX[ YHFWHXU XQLWDLUHV GH T⊥� 2Q YD HVVD\HU GH G«FULUH OHV
«O«PHQWV GH ?C (!) HW GH ?C (3)�

6RLW F ∈ ?C (3)� &RPPH detF = 1� HOOH HVW VHPEODEOH D XQH PDWULFH GH OD IRUPH

#$
%
cosI − sinI 0
sinI cosI 0
0 0 1

&'
(

Corollaire 13.40

Démonstration : ,O VXਯW GۑDSSOLTXHU OD U«GXFWLRQ GHV LVRP«WULHV�

ی LOۑ6 Qۑ\ D TXH GHV EORFV GH WDLOOH 1� RQ HVW GH OD IRUPH YRXOXH HQ SRVDQW I = 0 RX I = = �

ی 6LQRQ� RQ D XQ EORF GH WDLOOH 2 HW XQ EORF GH WDLOOH 1� /H EORF GH WDLOOH 1 «WDQW (1) FDU det(") = 1�

#

6RLWS XQH YHFWHXU QRQ QXO GH ! HW I XQ U«HO� 2Q DSSHOOH URWDWLRQ GڥD[H DXWRXU GHS HW GڥDQJOH I � OڥDXWRPRUSKLVPH
RUWKRJRQDO ODLVVDQW VWDEOH , = Vect(S) HW WHO TXH )̌ OD UHVWULFWLRQ GH ) ¢ T = ,⊥ VRLW OD URWDWLRQ GڥDQJOH I � 6L
B = (", #,S ′) HVW XQH EDVH RUWKRQRUP«H GLUHFWH DYHFS ′ = S/| |S | |� OD PDWULFH GH ) GDQV OD EDVH B HVW

MatB () ) = #$
%
cosI − sinI 0
sinI cosI 0
0 0 1

&'
(

Définition 13.41

Remarques :
1. /D GURLWH YHFWRULHOOH , VۑDSSHOOH OۑD[H GH ) �

2. 6L OۑDQJOH YDXW = HW GRQF OD PDWULFH HVW
#$
%
−1 0 0
0 −1 0
0 0 1

&'
(
� RQ GLW TXH FۑHVW XQ GHPL�WRXU�

3. ,O IDXW IDLUH DिHQWLRQ TXH VL RQ FKDQJHS HQ −S OD URWDWLRQ FKDQJH FDU OH SODQT HVW DORUV RULHQW« GDQV OۑDXWUH VHQV�

4. /D SOXSDUW GX WHPSV RQ SUHQGUDS XQLWDLUH�

5. 2Q YRLW GRQF TXH GDQV OHV DXWRPRUSKLVPHV RUWKRJRQDX[ GH OۑHVSDFH LO \ D OHV URWDWLRQV �TXL VRQW OHV «O«PHQWV GH
?C (!)�� ,O \ D DXVVL OHV U«ਮH[LRQV� 0DLV� FRQWUDLUHPHQW DX FDV GX SODQ� LO \ HQ D GۑDXWUH� 3DU H[HPSOH OۑDSSOLFDWLRQ
" = −Id3 HVW XQ «O«PHQW GH C (!) PDLV SDV GH ?C (!) FDU det(") = (−1)3 = −1. 0DLV FH QۑHVW SDV XQH U«ਮH[LRQ FDU

DXFXQ YHFWHXU QۑHVW LQYDULDQW� 'H IDLW� FۑHVW OD FRPSRV«H GX GHPL�WRXU GH PDWULFH
#$
%
−1 0 0
0 −1 0
0 0 1

&'
(
HW GH OD U«ਮH[LRQ

GH PDWULFH = #$
%
1 0 0
0 1 0
0 0 −1

&'
(
�

$Méthode : ,O IDXW VDYRLU G«WHUPLQHU OD PDWULFH GۑXQH URWDWLRQ GRQW RQ FRQQDLW S HW I HW LQYHUVHPHQW� FRQQDLVVDQW OD
PDWULFH LO IDXW VDYRLU UHWURXYHUS HW I �

���



ی Détermination de la matrice :

6RLW S XQ YHFWHXU XQLWDLUH� I XQ U«HO HW ) OD URWDWLRQ GۑDQJOH I DXWRXU GH S � 3RXU WRXW YHFWHXU " RUWKRJRQDO
¢S � RQ D

) (") = (cosI )" + (sinI )(S ∧ ").

Proposition 13.42

Démonstration : ,O VXਯW GH YRLU TXH� FRPPH (",S ," ∧S) HVW XQH EDVH RUWKRQRUP«H GLUHFWH DORUV (",S ∧ ",S)
DXVVL� 'H FH IDLW� OD PDWULFH GH ) GDQV FHिH EDVH HVW

MatB () ) = #$
%
cosI − sinI 0
sinI cosI 0
0 0 1

&'
(

/H U«VXOWDW HQ G«FRXOH HQ UHJDUGDQW OD SUHPLªUH FRORQQH� #

6RLW S OH YHFWHXU S = (1, 2, 0)� 2Q FKHUFKH OD PDWULFH GDQV OD EDVH FDQRQLTXH GH R3 GH OD URWDWLRQ DXWRXU GH S
HW GۑDQJOH I � 3RXU WRXW YHFWHXU " = ($,%, L) RQ SHXW OH G«FRPSRVHU FRPPH VRPPH GۑXQ YHFWHXU FROLQ«DLUH ¢S HW
GۑXQ YHFWHXU TXL OXL HVW RUWKRJRQDO �FDU , HW ,⊥ VRQW HQ VRPPH GLUHFWH VL , = Vect(S)�� 2Q D

" =
$ + 2%

5
S + 1

5
(4$ − 2%,−2$ − 3%, 5L).

0DLQWHQDQWS ∧ 1
5
(4$ − 2%,−2$ − 3%, 5L) = 1

5
(10L,−5L,−10$ + %)� 2Q D GRQF

) (") = $ + 2%
5

(1, 2, 0) + cosI
5

(4$ − 2%,−2$ − 3%, 5L) + sinI
5

(10L,−5L,−10$ + %).

2Q SHXW DORUV HQ G«GXLUH OD PDWULFH ۞

ی Détermination de l’axe et de l’angle : $ OۑLQYHUVH VRLW G =
1
9
#$
%

8 1 −4
−4 4 −7
1 8 4

&'
(
� 2Q Y«ULਭH TXH G HVW ELHQ XQ

PDWULFH RUWKRJRQDOH HW TXH VRQ G«WHUPLQDQW YDXW 1� HQGRPRUSKLVPHۑ/ ) FDQRQLTXHPHQW DVVRFL« HVW GRQF XQH
URWDWLRQ GHR3�

3RXU G«WHUPLQHU OۑD[H LO VXਯW GH FKHUFKHU OHV LQYDULDQW FۑHVW�¢�GLUH OH QR\DX GH ) −Id� 2Q WURXYHS =
1√
11

(3,−1,−1)
HQ OH SUHQDQW QRUP«�

0DLQWHQDQW RQ SUHQG XQ YHFWHXU RUWKRJRQDO ¢S HW QRUP«� 2Q SUHQG " =
1√
10

(1, 3, 0)� 2Q D

cosI = (", ) (")) = 7
18

HW sinI = () ("),S ∧ ") = Det(S,", ) (")) = 5
√
11

18
.

2Q SHXW DXVVL UHPDUTXHU TXH tr () ) = 1 + 2 cosI � 2Q UHWURXYH ELHQ cosI =
tr () ) − 1

2
=

7
18

.

2Q SHXW DORUV G«WHUPLQHU OH VLJQH GH I HQ UHPDUTXDQW TXH sinI HVW GX VLJQH GH [", ) ("),S] SRXU " ∉ Vect(S)� (Q
HਬHW� HQ SRVDQW " = N + *S RQ D

[N + *S , ) (N) + *S ,S] = [N, ) (N),S] = sinI [N,S ∧ N,S] .

Exercice : 6RLW F =
1
4
#$
%

3 1
√
6

1 3 −
√
6

−
√
6

√
6 2

&'
(
� -XVWLਭHU TXH F ∈ ?C (3,R)� '«WHUPLQHU VRQ D[H HW VRQ DQJOH�

2Q WURXYHS = (1, 1, 0) SXLV tr (F) = 2 GۑR» cosI = 1
2 HW GRQF I = ±,3 . (Q SUHQDQW " = (1, 0, 0)�000000
1 −1 1
0 1 1
0 −

√
6 0

000000 =
√
6 > 0

GRQF I = ,
3 .

5 (QGRPRUSKLVPHV V\P«WULTXHV GنXQ HVSDFH HXFOLGLHQ
'DQV WRXW FH SDUDJUDSKH ! G«VLJQH XQ HVSDFH HXFOLGLHQ�

���



5.1 '«ࣼQLWLRQ

6RLW " ∈ L (!)� ,O HVW GLW V\P«WULTXH �RX DXWR�DGMRLQW� VL

∀($,%) ∈ !2, (" ($) |%) = ($ |" (%))

2Q QRWH S (!) OڥHQVHPEOH GHV HQGRPRUSKLVPHV V\P«WULTXHV GH !�

Définition 13.43

Exemple : 'DQV ! = M! (R) DYHF OH SURGXLW VFDODLUH XVXHOOH (F|U) = tr (F6U)� /H PRUSKLVPH ) : G ↦→ G6 HVW
V\P«WULTXH� (Q HਬHW

∀(F,U) ∈ !2, () (F) |U) = (F6 |U) = tr (FU) HW (F|) (U)) = (F|U6 ) = tr (F6U6 ) = tr ((UF)6 ) = tr (UF).
2Q D ELHQ () (F) |U) = (F|) (U))� HQGRPRUSKLVPHۑ/ ) HVW V\P«WULTXH�
Remarque : /D WHUPLQRORJLH DXWR�DGMRLQW YLHQW GX IDLW TXH OۑRQ SHXW G«ਭQLU GH PDQLªUH J«Q«UDOH XQ HQGRPRUSKLVPH
"∗ TXH OۑRQ DSSHOOH OۑDGMRLQW TXL Y«ULਭH TXH

∀($,%) ∈ !2, (" ($) |%) = ($ |"∗ (%))
/HV HQGRPRUSKLVPHV V\P«WULTXHV VRQW GRQF OHV HQGRPRUSKLVPHV TXL VRQW OHXU SURSUH DGMRLQW�

HQVHPEOHۑ/ S (!) HVW XQ VRXV�HVSDFH YHFWRULHO GH L (!)�

Proposition 13.44

Démonstration : $ «FULUH #

6RLW + XQ SURMHFWHXU� ,O HVW V\P«WULTXH VL HW VHXOHPHQW VۑLO HVW RUWKRJRQDO�

Proposition 13.45

Remarque : 5DSSHORQV TXۑXQ SURMHFWHXU HVW RUWKRJRQDO VL FۑHVW OD SURMHFWLRQ VXU , SDUDOOªOHPHQW ¢ ,⊥� 3DU FRQWUH� FH
QنHVW SDV XQ HQGRPRUSKLVPH RUWKRJRQDO�
Démonstration :

ی ⇐ 2Q VXSSRVH TXH + SURMHिH VXU XQ VRXV�HVSDFH YHFWRULHO , SDUDOOªOHPHQW ¢ ,⊥� 3RXU WRXW FRXSOH ($,%) GH
YHFWHXUV GH !� 6L RQ QRWH

$ = $1 + $2 HW % = %1 + %2
DYHF $1 HW $2 GDQV , HW %1 HW %2 GDQV ,⊥� 2Q D

(+ ($) |%) = ($1 |%1 + %2) = ($1 |%1) + ($1 |%2) = ($1 |%1).
'H P¬PH�

($ |+ (%)) = ($1 |%1).
2Q D ELHQ + ∈ S (!)�

ی ⇒ 2Q VXSSRVH TXH + ∈ S (!)� 6RLW $ ∈ Ker + HW % ∈ Im + DORUV ($ |%) = ($ |+ (%)) = (+ ($) |%) = (0|%) = 0. 2Q HQ
G«GXLW TXH Im + ⊂ (Ker +)⊥ PDLV FRPPH dim Im + = dim! − dimKer + = dim(Ker +)⊥ RQ D ELHQ Im + = (Ker +)⊥�

#

Remarque : 2Q D OH P¬PH U«VXOWDW SRXU OHV V\P«WULHV �PDLV LO QۑHVW SDV DX SURJUDPPH GRQF ¢ VDYRLU UHIDLUH��
ی ⇐ 2Q FRQVLGªUH OD V\P«WULH RUWKRJRQDOH E SDU UDSSRUW ¢ , �HW SDUDOOªOHPHQW ¢ ,⊥�� 3RXU WRXW FRXSOH ($,%) GH

YHFWHXUV GH !� 6L RQ QRWH
$ = $1 + $2 HW % = %1 + %2

DYHF $1 HW $2 GDQV , HW %1 HW %2 GDQV ,⊥� 2Q D

(E ($) |%) = ($1 − $2 |%1 + %2) = ($1 |%1) + ($1 |%2) − ($2 |%1) − ($2 |%2) = ($1 |%1) − ($2 |%2) .
'H P¬PH�

($ |E (%)) = ($1 |%1) − ($2 |%2).
2Q D ELHQ E ∈ S (!)�

���



ی ⇒ 6RLW E XQH V\P«WULH SDU UDSSRUW ¢ , = Ker (E− LG) HW SDUDOOªOHPHQW ¢5 = ker(E+ LG)� 2Q VXSSRVH TXH E ∈ S (!)�
6RLW $ ∈ , HW % ∈ 5 DORUV ($ |%) = (E ($) |%) = ($ |E (%)) = ($ | −%) = −($ |%). 2Q HQ G«GXLW TXH ($ |%) = 0� )LQDOHPHQW
5 ⊂ ,⊥ PDLV FRPPH dim5 = dim! − dim , = dim ,⊥ RQ D ELHQ5 = ,⊥�

5.2 0DWULFH GنXQ HQGRPRUSKLVPH V\P«WULTXH

6RLW B XQH EDVH RUWKRQRUPDOH GH ! HW VRLW " ∈ L (!)�
HQGRPRUSKLVPHۑ/ " HVW V\P«WULTXH VL HW VHXOHPHQW VL MatB (") HVW V\P«WULTXH�

Proposition 13.46

Démonstration : )L[RQV OHV QRWDWLRQV� 3RVRQV F = MatB (")� 3RXU WRXW ($,%) ∈ !2� RQ QRWH

0 = MatB ($) HW 6 = MatB (%).

5DSSHORQV DXVVL TXH FRPPH B HVW RUWKRQRUPDOH� ($ |%) = 066 . 2Q D DORUV

(" ($) |%) = (F0 )66 = 06F66 HW ($ |" (%)) = 06F6 .

2Q YRLW GRQF TXH VL F HVW V\P«WULTXH� #F = F HW GRQF " HVW V\P«WULTXH�
5«FLSURTXHPHQW VL SRXU WRXV OHV PDWULFHV FRORQQHV 0 HW 6 � 06F6 = 06F66 DORUV DORUV F = F6 � (Q HਬHW VL RQ SUHQG

SRXU 0 OD FRORQQH DYHF MXVWH XQ 1 ¢ OD OLJQH 4 HW SRXU 6 OD FRORQQH DYHF MXVWH XQ 1 ¢ OD OLJQH D � OH SURGXLW 06F6 GRQQH OH
FRHਯFLHQW 7" & GH OD PDWULFH F� #

Notation : 2Q UDSSHOOH TXH OۑRQ QRWH S! (R) OۑHQVHPEOH GHV PDWULFHV V\P«WULTXHV GH M! (R)�
Exemple : 6L RQ FRQVLGªUH XQH V\P«WULH RUWKRJRQDOH E � 2Q FRQVLGªUH XQH EDVH GH ! REWHQXH HQ FRQFDW«QDQW XQH EDVH
RUWKRQRUPDOH GH , DYHF XQH EDVH RUWKRQRUPDOH GH ,⊥� 'DQV FHिH EDVH

Mat(E) =

#$$$$$$$$$$$
%

1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . . 1

. . .
...

...
. . . −1 . . .

...
...

. . .
. . . 0

0 · · · · · · · · · 0 −1

&'''''''''''
(

∈ S! (R).

/H U«VXOWDW HVW IDX[ VL OD EDVH QۑHVW SDV RWKRQRUP«H� 3DU H[HPSOH GDQV OD EDVH (", #) R» " = (1, 1) HW # = (0, 1)
OD SURMHFWLRQ RUWKRJRQDOH VXU (C$) D SRXU PDWULFH

(
1 0
− 1 0

)
.

ATTENTION

2Q D

dimS (!) = dimS! (R) = 2(2 + 1)
2

Corollaire 13.47

5.3 RUªPH» VSHFWUDO

1RXV DOORQV GDQV FH SDUDJUDSKH «WXGLHU OD GLDJRQDOLVDELOLW« GۑXQ HQGRPRUSKLVPH V\P«WULTXH �RX GۑXQH PDWULFH V\�
P«WULTXH U«HOOH��

&RPPHQ©RQV SDU GHX[ OHPPHV TXL VRQW DQDORJXHV ¢ FHX[ GH OD U«GXFWLRQ GHV HQGRPRUSKLVPHV RUWKRJRQDX[�

���



6RLW " ∈ S (!) HW , XQ VRXV�HVSDFH YHFWRULHO VWDEOH SDU "� RUWKRJRQDOۑ/ ,⊥ HVW HQFRUH VWDEOH SDU "�

Lemme 13.48

Démonstration :
6RLW $ ∈ ,⊥� 0RQWURQV TXH " ($) ∈ ,⊥�

∀% ∈ , , (" ($) |%) = ($ |" (%)) = 0

/D GHUQLªUH «JDOLW« YLHQW GX IDLW TXH $ ∈ ,⊥ HW TXH " (%) ∈ , FDU , VWDEOH SDU "� 2Q D ELHQ ,⊥ VWDEOH SDU "� #

6RLW" ∈ S (!)� 6RQ SRO\Q¶PH FDUDFW«ULVWLTXH HVW VFLQG« VXUR� (Q SDUWLFXOLHU VL dim! > 0 OۑHQGRPRUSKLVPH
" D DX PRLQV XQH YDOHXU SURSUH U«HOOH�

Lemme 13.49

Démonstration : 1RWRQVF OD PDWULFH GH" GDQV XQH EDVH RUWKRQRUP«H� 2Q VDLW GRQF TXHF ∈ S! (R)� 2Q YHXW PRQWUHU
TXH M9 HVW VFLQG« VXUR� 2Q VDLW TXۑLO HVW VFLQG« VXUC FDUC HVW DOJ«EULTXHPHQW FORV�

0DLQWHQDQW VL 3 HVW XQH YDOHXU SURSUH GH F �RX GH "� D SULRUL FRPSOH[H� ,O H[LVWH DORUV 0 =
#$$
%

$1
...
$!

&''
(

∈ M!,1 (C) QRQ

QXO WHO TXH F0 = 30 � (Q FRQMXJXDQW� RQ REWLHQW F0 = 30 � 'H FH IDLW�

0
6
F0 = 0

6 (30 ) = 3 | |0 | |2

R»

| |0 | |2 =
!∑
"=1

$"$" =
!∑
"=1

|$" |2 > 0.

'H P¬PH�
0
6
F0 = (06F)0 = (06F6 )0 = (F0 )60 = 30

6
0 = 3 | |0 | |2

2Q HQ G«GXLW TXH 3 = 3 HW GRQF 3 ∈ R�
&HFL «WDQW YUDL SRXU WRXWHV OHV YDOHXUV SURSUHV� M9 HVW ELHQ VFLQG« VXUR #

Remarque : ,O H[LVWH XQH DXWUH SUHXYH� 2Q FRQVLGªUH

) : $ ↦→ (" ($) |$).

HVWۑ& XQH DSSOLFDWLRQ FRQWLQXH� (Q HਬHW FۑHVW OD FRPSRV«H GH

K : ! → ! × !
$ ↦→ (" ($), $)

HW GH
(.|.) : ! × ! → R

($,%) ↦→ (" ($) |%)
2U OۑDSSOLFDWLRQ K HVW FRQWLQXH FDU OLQ«DLUH �HW ! GH GLPHQVLRQ ਭQLH� HW (.|.) HVW FRQWLQXH FDU ELOLQ«DLUH�

0DLQWHQDQW� FRPPH ! HVW GH GLPHQVLRQ ਭQLH OD VSKªUH XQLW« ? = {$ ∈ ! | | |$ | | = 1} HVW XQ IHUP«H HW ERUQ«H� (OOH HVW
GRQF FRPSDFWH�

2Q HQ G«GXLW TXH ) HVW ERUQ«H HW DिHLQW VHV ERUQHV VXU ? �
6RLW $0 ∈ ? WHO TXH ) ($0) VRLW PD[LPDOH� 2Q YD PRQWUHU TXH $0 HVW XQ YHFWHXU SURSUH GH "� &H TXL UHYLHQW ¢ GLUH TXH

Vect(" ($0)) ⊂ Vect($0) �� 3RXU PRQWUHU TXH FHV GHX[ HVSDFHV YHFWRULHOV FR±QFLGHQW RQ YD PRQWUHU TXۑLOV RQW OH P¬PH
RUWKRJRQDO�

6RLW ℎ WHO TXH ($0 |ℎ) = 0� 2Q VDLW TXH SRXU WRXW . ∈ R� | |$0 + .ℎ | |2 = | |$0 | |2 + .2 | |ℎ | |2 ≠ 0 GۑDSUªV OH WK«RUªPH GH
3\WKDJRUH�

2Q SHXW DORUV UHJDUGHU OD IRQFWLRQ
- : R → R

. ↦→ )
(
-0+#ℎ

| |-0+#ℎ | |

)

�� OۑLQFOXVLRQ HVW O¢ SRXU WUDLWHU OH FDV R» OD YDOHXU SURSUH VHUDLW QXOOH

���



DSUªVۑ' OD G«ਭQLWLRQ GH $0� FHिH IRQFWLRQ DिHLQW VRQ PD[LPXP HQ . = 0� 0DLQWHQDQW�

-(.) =
(
"

(
$0 + .ℎ
| |$0 + .ℎ | |

)
| $0 + .ℎ| |$0 + .ℎ | |

)

=
1

| |$0 + .ℎ | |2
(" ($0) + ." (ℎ) |$0 + .ℎ)

=
1

1 + .2 | |ℎ | |2
[
(" ($0) |$0) + . (" ($0) |ℎ) + . (" (ℎ) |$0) + .2 (" (ℎ) |ℎ)

]
= ((" ($0) |$0) + 2. (" ($0) |ℎ) + W (.)) (1 + 0. + W (.))
= (" ($0) |$0) + 2. (" ($0) |ℎ) + W (.)

2Q HQ G«GXLW TXH - HVW G«ULYDEOH HQ 0 HW TXH -′(0) = 2(" ($0) |ℎ) = 0�
2Q D PRQWU« TXH Vect($0)⊥ ⊂ Vect(" ($0))⊥ FH TXL LPSOLTXH HQ SUHQDQW OۑRUWKRJRQDO TXH

Vect(" ($0)) = (Vect(" ($0))⊥)⊥ ⊂ (Vect($0)⊥)⊥ = Vect($0).

&H TXL LPSOLTXH ELHQ TXH $0 HVW XQ YHFWHXU SURSUH�
HVWۑ& FH TXH OۑRQ YRXODLW�

6L " HVW XQ HQGRPRUSKLVPH V\P«WULTXH DORUV OۑHVSDFH ! HVW VRPPH GLUHFWH RUWKRJRQDOH GHV VRXV�HVSDFHV
SURSUHV GH "� HVW�¢�GLUHۑ& TXۑLO H[LVWH XQH EDVH RUWKRQRUPDOH GLDJRQDOLVDQW "�

Théorème 13.50 �Théorème spectral - Version endomorphisme�

Démonstration : 2Q SURFªGH SDU U«FXUUHQFH VXU OD GLPHQVLRQ GH !� 2Q YHXW PRQWUHU TXH VL " HVW XQ HQGRPRUSKLVPH
V\P«WULTXH GH ! R» dim! = 2 DORUV LO H[LVWH XQH EDVH RUWKRQRUPDOH GLDJRQDOLVDQW "�

ی Initialisation : 3RXU 2 = 0� LO VXਯW GH FRQVLG«UHU OD IDPLOOH YLGH� 3RXU 2 = 1� LO VXਯW GH SUHQGUH XQ YHFWHXU QRUP«
HQJHQGUDQW OۑHVSDFH�

ی Hérédité : 6RLW 2 ∈ N∗� 2Q VXSSRVH TXH OD SURSUL«W« HVW YUDL VL dim! < 2 HW RQ YHXW OH PRQWUHU VL dim! = 2� 2Q
VDLW PDLQWHQDQW TXH " DGPHW XQH YDOHXU SURSUH U«HOOH 3� 2Q QRWH DORUV &1 XQ YHFWHXU SURSUH DVVRFL« ¢ 3 TXH OۑRQ
SHXW VXSSRVHU QRUP«� 2Q SRVH , = Vect(&1) TXL HVW VWDEOH SDU"� (Q XWLOLVDQW OH OHPPH RQ REWLHQW TXH ,⊥ HVW VWDEOH
SDU "� 0DLQWHQDQW� OD UHVWULFWLRQ "̌ GH " ¢ ,⊥ HVW XQ HQGRPRUSKLVPH V\P«WULTXH GH ,⊥ �DYHF OH SURGXLW VFDODLUH
LQGXLW SDU FHOXL GH !�� 'RQF LO H[LVWH XQH EDVH (&2, . . . , &!) RUWKRQRUP«H GH ,⊥ TXL GLDJRQDOLVH "̌�
,O QH UHVWH TXۑ¢ SUHQGUH (&1, . . . , &!) TXL HVW ELHQ RUWKRQRUP«H FDU SRXU WRXW 4 ! 2� (&1 |&" ) = 0�

#

2Q SHXW DXVVL HQ GRQQHU XQH YHUVLRQ PDWULFLHOOH �

6RLW F XQH PDWULFH V\P«WULTXH U«HOOH� (OOH HVW GLDJRQDOLVDEOH VXU R� 'H SOXV FHिH GLDJRQDOLVDWLRQ SHXW ¬WUH
«WDEOLH SDU XQ FKDQJHPHQW GH EDVHV HQWUH GHX[ EDVHV RUWKRQRUPDOHV� HVW�¢�GLUHۑ& TXۑLO H[LVWH XQH PDWULFH
RUWKRJRQDO 1 ∈ C (2) WHOOH TXH

1−1F1 =# 1F1 = R

VRLW GLDJRQDOH�

Théorème 13.51 �Théorème spectral - Version matrice�

2Q QH SHXW SDV J«Q«UDOLVHU DX[ PDWULFHV V\P«WULTXHV FRPSOH[HV� 3DU H[HPSOH F =
(
1 4
4 −1

)
QۑHVW SDV

GLDJRQDOLVDEOH FDU VRQ SRO\Q¶PH PLQLPDO HVW P9 = 0 2 .

ATTENTION

Remarque : /D J«Q«UDOLVDWLRQ DX[ PDWULFHV FRPSOH[HV �KRUV SURJUDPPH� VRQW OHV PDWULFHV WHOOHV TXH F6 = F�
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